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ABSTRACT

In this paper, a simplified optimization strategy for the nonlinear tuned mass damper (TMD) is presented, and the optimal
parameter setting can be simply determined, by which the nonlinear TMD is effective over a wide frequency range. In the given
numerical model, the nonlinear TMD is attached to the structure, which is represented by a single-degree-of-freedom system, and
the environmental load is assumed to be the Gaussian white noise process. Governing differential equations of motion of the
coupled structure-TMD system are derived, and the equivalent linearization method is introduced in the numerical calculation.
The standard deviation of the structural displacement is adopted as the optimized objective function. Furthermore, it is pointed
out that the response of the system can be controlled in a case of multiple probable steady-state processes caused by the
nonlinearity of the stiffness element. Different from the linear TMD, the performance of the nonlinear TMD may be influenced
by the excitation. Thus, the performance sensitivity of optimal nonlinear TMD is investigated with different excitation intensities
and structural damping ratios. The results show that the sensitivity may limit the engineering applications of nonlinear TMD.
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I. INTRODUCTION

In recent years, many high rise buildings, towers, chim-
neys, and bridges, characterized by flexibility and light
damping have been constructed. These may experience large
vibrations when subjected to environmental loads such as
wind, wave, and earthquake excitation, and the vibration may
lead to fatigue damage or structural collapse. Thus, some
measures for vibration control are often taken in the design
phase, or by retrofitting an existing structure, to reduce the
structural responses. The common sense approach to control
the structural vibration consists of adding damping, either
passively or actively. The damping dissipates some of the
input vibration energy of a structure by transforming it to heat
or transferring it indirectly to any connected energy dissipa-
tion devices.

Structural vibration control, generally classified as
active, semi-active and passive control, is an advanced tech-
nology in engineering. It enhances human comfort by reduc-
ing the excessive structural vibration with energy dissipation

devices or control systems in structures. Compared with
active and semi-active controls, the passive control devices
have received significant attention, with the advantages of
low cost, no power requirements, and easy installation. The
passive control devices include base isolation, viscous
damper, and tuned mass damper (TMD). Among the passive
techniques, the TMD technique has been investigated and
proven to be efficient, when it is properly tuned, for both wind
and earthquake excitation. Furthermore, it has been installed
in several structures around the world. Representative exam-
ples of this technique’s engineering application are: the
Centrepoint Tower in Australia (TMD, 1987), John Hancock
Tower in America (TMD, 1975), Citicorp Center in America
(TMD, 1980), and Chiba Tower in Japan (TMD, 1992).

The TMD is an additional mass attached to the primary
structure by a spring and a damper in parallel. It was first
studied by Frahm (1909) in order to reduce the vibration of a
primary structure without damping. Since then, many studies
have been carried out on the effectiveness of linear TMD on
the vibration control response of linear structures [1–3]. In
order to achieve the optimal vibration control of a structure,
the stiffness and damping coefficients of the TMD should be
chosen appropriately. A number of optimal solutions of the
TMD’s parameters for various types of excitations and
various optimization objectives have been given. For the case
of a primary structure without damping, the fixed point
theory has been proposed by Den Hartog [1], in which the
excitation was assumed to be harmonic. Warburton and Ayor-
inde also listed the closed-form expressions of the optimal
parameters of the TMD under different types of excitation [2].
For the structure with damping characteristics, there is not
usually a closed-form expression in terms of structural
parameters. As the external excitation frequency is generally
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not fixed, the linear TMD poses problems that while the
resonant peaks can become very steep, the response in the
neighborhood of existing structural resonant frequencies may
be adversely affected. At the same time, it is difficult to obtain
exact dynamic solutions of the structure in practical engineer-
ing because of the inevitable perturbation of structural physi-
cal parameters, so the designed optimal control effect of
linear TMD is often hard to achieve. Due to the shortcomings
of linear TMD, some researchers have proposed many kinds
of improved TMD for providing a better performance in
vibration control, such as multiple tuned mass dampers
(MTMD) and double tuned mass dampers (DTMD). Igusa
has analyzed the vibration control capabilities of multiple
tuned mass dampers with natural frequencies distributed over
a frequency range [4,5], which is also effective in a wider
frequency range than the linear TMD.

In the research mentioned above, the stiffness and
damping elements connected to the additional mass are
assumed to be linear. Since the 1980s, several researchers
have also studied the performance of nonlinear TMD for
structural vibration suppression, in which the stiffness or the
damping elements, or both, were assumed to behave accord-
ing to the given nonlinear law. The introduction of the non-
linear property in the TMD device would improve the
performance of linear TMD to a certain extent. Roberson
analyzed the performance of the nonlinear TMD with a
Duffing spring, and the study shows that the nonlinear TMD
is able to gain a wider vibration suppression bandwidth than
the linear TMD [6]. Carter and Lin’s work indicates that the
TMD with a softening spring connected to the structure with
a characteristic hardening spring, is more effective [7]. Hunt
and Nrssen investigated the response of a structure when a
nonlinear softening Belleville spring was used in the TMD
device and the result shows that the vibration suppression
bandwidth could be doubled by this means [8]. Inaudi and
Kelly studied the nonlinear TMD in which the friction
damper is adopted as a means of energy dissipation [9]. Abé
proposed a design method of nonlinear TMD for structures
with bilinear hysteresis subjected to harmonic excitation
[10]. In Ricciardelli’s work [11], the closed-form expres-
sions of optimal parameters for the TMD with friction
damper and amplitudes of multiple steady-state vibration
were presented. Rüdinger has studied the optimal TMD with
the nonlinear viscous power law damping under white noise
excitation [12,13]. According to the literature above, it can
be considered that the nonlinear TMD is more effective than
the linear TMD over a wide frequency range. However,
another general point concerning the nonlinear TMD is that
the nonlinearity may lead to dangerous instabilities and
unwanted consequences, which in some cases may result in
amplification rather than reduction of the vibration ampli-
tudes. Some researchers have also pointed out that the non-
linear system vibration can be controlled in the intended
steady state through active or passive techniques, known as
chaos control. Thus, the unfavorable effect due to the non-
linearity can also be avoided by appropriate parameter
setting. Meanwhile, while the performance of the linear
TMD has no correlation with the excitation intensity and

structural damping, the actual response and optimal param-
eter values of the nonlinear TMD would depend on both
excitation intensity and structural damping, which may limit
its engineering application.

In this paper, the TMD with Duffing spring is taken into
account. The governing differential equations of motion for
the coupled structure-nonlinear TMD system are derived and
solved under the Gaussian white noise excitation. The system
is analyzed by the equivalent linearization method with the
area under the square of absolute value of the frequency
response function as the objective, which is proportional to
the variance of the response (square of the standard devia-
tion). The equivalent linearization method is adopted as the
calculation method of the standard deviation of the response,
which is accurate enough for the weakly nonlinear case.
Meanwhile, a simplified optimization strategy for the nonlin-
ear TMD is proposed, according to which the nonlinear TMD
is designed effectively in a wider frequency range. In addi-
tion, the phenomenon of multiple steady-state response due to
the nonlinearity is investigated based on the random vibration
theory. At the end of this paper, a sensitivity study is also
conducted to investigate the influence of the excitation inten-
sity and structural damping on the performance of nonlinear
TMD.

II. THEORY MODEL OF NONLINEAR
TUNED MASS DAMPER

A schematic model of the nonlinear TMD is given in
Fig. 1. The nonlinear TMD considered in this paper consists
of a lumped mass, nonlinear stiffness element and linear
viscous damping element. The equations of motion of the
structure-nonlinear TMD system can be written as:

m x c x k x f t V x x1 1 1 1 1 1 2 2�� � �+ + = +( ) ( , ) (1a)

m x x V x x g t2 1 2 2 2( ) ( , ) ( ),�� �� �+ + = (1b)

2 2( , )V x x

f (t)

1m

1k

-

1c

1( )x t

1 2( ) ( )x t x t+

( )g t
2m

Fig. 1. Schematic model of the structure -nonlinear TMD
system.
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where m1, c1 and k1 are the mass, damping coefficient and
stiffness coefficient of the structure respectively; x1 is the
relative displacement of the structure with respect to the
ground; m2 is the mass of nonlinear TMD; x2 is the relative
displacement of nonlinear TMD with respect to the structure;
V x x( , )2 2� is the force provided by the stiffness and damping
element connecting structure and nonlinear TMD, which can
be expressed in a type of linear or nonlinear formulation; f(t)
and g(t) are the environmental loads applied on the structure
and nonlinear TMD respectively, for wind load: f(t) �0,
g(t) = 0; for earthquake load in which both masses are
excited: f t m xg( ) = − 1�� , g t m xg( ) = − 2�� , ��xg represents the abso-
lute acceleration of ground motion.

The earthquake excitation is assumed to be a Gaussian
white noise process given by:

E x t x t t S tg g[ ( ) ( )] ( )�� �� + =Δ Δ2 0π δ (2)

in which E[] is the mean value operator, d() is the Dirac delta
function, and S0 is the intensity of the Gaussian white noise
process ��x tg ( ), that means S Sxg�� = 0.

Initially, it is supposed that there is no TMD on the
structure, and the equation of motion can be established as
follows:

m x c x k x m xg1 1 1 1 1 1 1�� � ��+ + = − (3)

Considering the single degree of freedom system described in
(3), the transfer function can be easily identified. As the power
spectral density function (PSDF) of external excitation ��x tg ( )
is S Sxg�� = 0, the PSDF of structural response can be further
calculated. By the integration of PSDF, the standard deviation
of structural response can be derived and written in the fol-
lowing expression:

σ
π
ζ ωx

x
x

S g

1 0
1 1

32
= = ��

, (4)

in which ω1 1 1= k m is the frequency of structure,
z1 = c1/2m1w1 is the damping ratio of structure, S Sxg�� = 0.
Choosing ω1

1− as the time scale, x0 as the response scale, the
non-dimensional displacements and time are given by:

y
x

x
ti

i= =
0

1, .τ ω (5)

Then �x ti( ) and ��x ti( ) can be respectively expressed as:

� ��x t y x x t y xi i i i( ) ( ) , ( ) ( ) ,= ′ = ′′τ ω τ ω0 1 0 1
2

(6)

in which the overdots denote the derivative with respect to
time t while the primes represent the derivative with respect
to non-dimensional time t. The resulting non-dimensional
equations that govern the motion of the structure-nonlinear
TMD system are given by:

( ) ( ) ( )1 21 2 1 1 1+ ′′+ ′′+ ′ + = +μ μ ζ τ τy y y y f gn n (7a)

μ μ τ′′+ ′′+ ′ =y y V y y gn n1 2 2 2( , ) ( ), (7b)

in which m = m2/m1 is the mass ratio between the nonlinear
TMD and primary structure; w1 and z1 are the frequency
and damping ratio of the structure respectively; the
non-dimensional forces fn(t), gn(t) and V y yn( , )2 2′ are given
by:

f f t m x g g t m x

V y y V x x m
n n

n

( ) ( ) , ( ) ( ) ,

( , ) ( , )

τ ω τ ω= =
′ =

1 1
2

0 1 1
2

0

2 2 2 2 1� ωω1
2

0x ,
(8a-c)

in which f t m xg( ) = − 1�� , g t m xg( ) = − 2�� , and S Sxg�� = 0. Thus, by
dimensional analysis the intensity of non-dimensional
Gaussian white noise excitation fn(t) and gn(t) can be
expressed as:

S Sf gn n( ) ( ), .τ τ
ζ
π

μ ζ
π

= =2 21 2 1
(9a, b)

The given non-dimensional equations above describe
the dynamic characteristics of the coupled structure- nonlin-
ear TMD system, and it can be seen that the non-dimensional
displacement of structure accounts for the vibration suppres-
sion effect of the nonlinear TMD. It is also known that the
standard deviation of structural non-dimensional displace-
ment is unity in this formulation, when the TMD is absent.
Here, the nonlinear stiffness element connected to the
primary structure and secondary TMD mass is assumed to be
the Duffing spring, and the damping element is the linear
viscous damper. Thus, V x x( , )2 2� in (1a,b) is described as
follows:

V x x k x k x c x( , )2 2 2 2 2 2
3

2 2� � �= + + (10)

where the Duffing spring is characterized by the stiffness
coefficients k2 and �k2. According to the non-dimensional (8c),
V x x( , )2 2� can be replaced by V y yn( , )2 2′ as follows:

V y y V x x k x
k

k
y

k

k
x y

c

k
yn( , ) ( , ) .2 2 2 2 1 0

2

1
2

2

1
0
2

2
3 2 1

1
2′ = = + + ′�

� ω

(11)

III. EQUIVALENT
LINEARIZATION METHOD

In the nonlinear TMD, the analytical solution of a struc-
tural response is usually difficult to obtain. Thus, some
approximate methods have been proposed, a representative of
which is the equivalent linearization method characterised by
its simplicity in computation. In the equivalent linearization
method, a set of equivalent linear equations are established to
replace the nonlinear equations of motion.

The difference between the nonlinear element repre-
senting the Duffing spring and the equivalent linear element is
defined as D, which can be given by
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Δ = −
�

�k

k
x y k yequ

2

1
0
2

2
3

2 2, . (12)

The relationship between the nonlinear stiffness coefficient
�k2 and equivalent linear stiffness coefficient �k equ2, is estab-
lished by minimizing the mean square value of the differ-
ence D according to the least square method [14]. Here the
excitation and response are both assumed to be Gaussian
processes, so the response process represented by the non-
dimensional response y2 can be confirmed by two param-
eters: mean value and mean square value of y2. The
expression of the mean square value of the difference D can,
therefore, be described as:

E
k

k
x y k y p y dy

p y

equ

y

[ ] ( ) ,

( )

,Δ2 2
0
2

2
3

2 2

2

2 2

2
1

2 2

= −⎡
⎣
⎢

⎤
⎦
⎥

=

−∞

∞

∫
�

�

πσ
eexp

y

y

2
2

22 2σ
⎛
⎝⎜

⎞
⎠⎟

.
(13a,b)

According to (13a,b), the equivalent linear stiffness
coefficient �k equ2, can be given by

�
�

k
k

k
x aequ y y2

2

1
0
2 23 2 2, ( ),= +σ (14)

in which ay2 denotes the mean response value of the TMD,
which is equal to zero for the equivalent linear system under
Gaussian stationary excitation. σ y2

2 is the mean square value
of non-dimensional response y2.

Introducing the equivalent linear coefficient of (14) into
(10), the equations of motion in (7a,b) can be rewritten as

( ) ( ) ( )1 21 2 1 1 1+ ′′+ ′′+ ′ + = +μ μ ζ τ τy y y y f gn n (15a)

μ μ τ′′+ ′′+ ′ =y y V y y gn equ n1 2 2 2, ( , ) ( ), (15b)

where V y yn equ, ( , )2 2′ is the equivalent linear force provided by
the equivalent linear spring and damper, and can be described
by

V y y k y c y k
k

k
k

c

n equ equ equ equ equ

e

, , , , ,

,

( , ) , ,2 2 2 2 2 2 2
2

1
2

2

′ = + ′ = + �

qqu

c

k
= 2 1

1

ω
,

(16a,b)

in which � �k k x kequ y2 2 0
2 2

13 2, = σ is given in (14). In (15a,b), all
the quantities are non-dimensional and y1 can describe the
vibration suppression effect of the TMD, so non-dimensional
equations (15a,b) are more advantageous than (1a,b).

Assume the harmonic excitation and response expres-
sions as follows:

y Y e y i Y e y Y e

f f e g
i i

i
i i

i
i i

i

n n
i

n

= ′ = ′′= −
=

ωτ ωτ ωτ

ωτ

ω ω
τ τ

, , ,

( ) , ( ),

2

0 == =g e f en
i

n
i

, , ,0 0
ωτ ωτμ (17a-e)

where i is the imaginary unit; w means the non-dimensional
excitation frequency; fn,0 and gn,0 are the amplitudes of the

non-dimensional excitation fn(t) and gn(t), respectively.
Substituting (17a-e) into (15a,b), the frequency response
functions are determined, thus:

H

c i

k

i
y

equ

equ
1

2
2

2

2
1

1

1

1 2 1
( )

( )

( )

[ ( ) ]

(

,

,ω

μω μ ω
μ

μ ω ζ ω
μ

=

− + +
+ +

− + + +
− ωω ω μ ω2

2 2
2 4+ + −c i kequ equ, , )

(18a)

H
i

i

c i k

y

equ equ

2

2 1
1 2 1

1
2

1

2
2 2

( )
( )

[ ( ) ]

( ), ,

ω μ ζ ω
μ ω ζ ω

μω ω

= +
− + + +

− + + − μμ ω2 4

,
(18b)

in which Hy1(w) represents the ratio between output and input
of the structure, and Hy2(w) represents the ratio between
output and input of TMD. Here non-dimensional parameters
c2,equ and k2,equ are adopted in the expression of (18a,b), and
can facilitate following derivation. The mean square values of
the stationary response can be evaluated as

σ ω ω σ ω ωy F y y F yS H d S H d1 1 2 2
2 2 2 2= =

−∞

∞

−∞

∞

∫ ∫( ) , ( ) ,

(19a,b)

in which SF = Sfn is the power spectrum density function
of external loads. From (19a,b) it can be seen that while
the excitation is a Gaussian white noise process, the exci-
tation PSDF SF is a constant value and the frequency
response functions can, to a certain extent, describe the rela-
tive magnitude of mean square values of structural
responses, so only the frequency response functions are
needed here.

In the present case, the integral may be evaluated ana-
lytically. The closed form expression first developed by Cran-
dall and Mark [15], was later used as a standard procedure by
Warburton [16,17], Rüdinger [12,13], Krenk and Hogsberg
[18,19]. Also the procedure is closely related to the work by
Rüdinger in [12] and [13]. Using the formulas given, the
integral can be obtained by:

I H d
M

N
yi= =

−∞

∞

∫ ( )ω ω2
(20a)

M A B A A A A A A A B B B

A A A B B B A

= − + −
− − +
π{ ( ) ( )

( )
0 3

2
0 3 1 2 0 1 4 1 3 2

2

0 3 4 1
2

0 2

2

2 44 0
2

1 4 2 3B A A A A( )}− (20b)

N A A A A A A A A A= + −0 4 0 3
2

1
2

4 1 2 3( ) (20c)

in which

A k A k c

A k c

A

equ equ equ

equ equ

0 2 1 1 2 2

2 2 1 2

2

1 2

= = +
= + + +

, , ,

, ,

, ,

( ) ,

ζ
μ ζ μ

33 2 1 41 2= + + =( ) ,,μ ζ μ μc Aequ

(21a-e)
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for y1

B k B c B Bequ equ0 2 1 2 2 31 1 0= + = + = =( ) , ( ) , ,, ,μ μ μ
(22a-d)

for y2

B B B B0 1 1 2 32 0 0= = = =μ ζ μ, , , . (23a-d)

As seen in (14), the equivalent linear stiffness coefficient �k equ2,

depends on the response σ �y2
2 of the nonlinear TMD. The

stationary responses σ y1
2 and σ �y2

2 are, however, obtained by
(19–23) while given the equivalent linear coefficient k2,equ.
Therefore, the solution is an iterative process, which can be
described as: (i) determine a initial value of the equivalent
linear coefficient; (ii) calculate the mean square response of
the equivalent linear system by (19–23); (iii) obtain a new
equivalent linear coefficient according to (14); and (iv)
compare the initial and new values of the equivalent linear
coefficient of the stiffness element, and repeat the above steps
until the results converge.

IV. OPTIMIZATION STRATEGY IN
FREQUENCY DOMAIN

4.1 Linear tuned mass damper

The non-dimensional equations of motion of structure-
linear TMD system can be similarly established as:

( ) ( ) ( )1 21 2 1 1 1+ ′′+ ′′+ ′ + = +μ μ ζ τ τy y y y f gn n (24a)

′′+ ′′+ + ′ =y y y y fn1 2
2

2 2 22η ζ η τ( ), (24b)

in which h = w2/w1 is frequency ratio between TMD and
structure, w1 is circular the frequency of structure and w2 is
the circulaer frequency of TMD; z2 is damping ratio of
damping element of the TMD; other symbols have been
defined in (7a,b). Compared with the non-dimensional
equations of motion of structure-nonlinear TMD system in
(15a,b), it can be obtained similarly

k cequ equ2
2

2 22, ,, .= =μη μζ η (25a,b)

Here, the mean square response σ y1
2 can be obtained

according to (19–23), in which the integral can be evaluated
analytically using formulae proposed by Gradshteyn and
Ryzhik [20]. The optimal values of z2 and h can be deter-
mined by minimizing the mean square response of the struc-
ture. This corresponds to the solution of the two following
equations:

∂
∂

=
∂
∂

=
σ
η

σ
ζ

y y1 1
2 2

2

0 0, (26a,b)

If the structural damping is neglected, the close-form
solution of (26a,b) can be obtained. When the environment
load is the ground motion, the closed-form solution for a no
damping situation is written as follows, which has been pro-
posed in reference [2]:

η μ
μ

ζ μ μ
μ μop op= −

+
= −

+ −
( )

,
( )

( )( )
.,

1 2

1

1 4

4 1 1 2

1

2

2 (27a,b)

If the structural damping isn’t equal to zero, the closed-
form expressions in (27a,b) are generally not applicable. The
optimal values of parameters of nonlinear TMD can be
obtained by numerical methods. However, some researchers
have investigated the influence of structural damping on the
optimal solution, and the results show that while structural
damping is light enough the influence can be seen to be
negligible, so the expressions of hop and z2,op in (27a,b) can
also be used as an approximation of the exact solution for the
light damping structure.

Suggested by the previous work, it is known that the
robustness of linear TMD is poor, and a small perturbation of
optimal frequency ratio usually leads to a sharp decrease of
the performance of linear TMD. In this paper, the parameters
of structure-linear TMD system are assumed to be: the mass
m1 = 1, damping ratio z1 = 0.05, mass ratio m = 0.03, and as
has been seen in (24a,b), the non-dimensional response has
no correlation with the absolute frequency of the primary
structure under Gaussian white noise excitation. Due to the
unneglectable damping of the structure, numerical methods
can be used for the optimal frequency and damping ratio of

Fig. 2. Effect of perturbation of frequency and damping ratio on non-dimensional response of (a) structure and (b) linear TMD, m1 = 1,
z1 = 0.05, m = 0.03, frequency ratio perturbation —, damping ratio perturbation —.
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linear TMD. Fig. 2 describes the trend of the structure-linear
TMD system’s response with respect to perturbation of the
frequency ratio and damping ratio. As shown in Fig. 2a, the
non-dimensional structural response y1, which represents
the structural vibration reduction ratio, varies sharply around
the optimal value with frequency ratio perturbation and
gently with damping ratio perturbation. In Fig. 2b, non-
dimensional response y2 of TMD decreases obviously with
increasing damping ratio, and varies gently with small per-
turbation of the optimal frequency ratio, especially in the
frequency range that is a little lower than the optimal value.

4.2 Nonlinear tuned mass damper

4.2.1 Conventional optimization strategy

Different from the linear TMD, the performance of
the nonlinear TMD can be influenced by its own seismic
response, so there are different equivalent linear TMD
systems corresponding to different response states of second-
ary mass, while the nonlinear TMD has the same parameter
setting, which can be seen from (14). Researchers have
studied many kinds of nonlinear TMD, in which the nonlinear
element may be a stiffness element, a damping element, or
both. Several valuable results have been given, one of which
is that the introduction of nonlinearity can distinctly improve
the performance of TMD and broaden the effective frequency
range for structural vibration suppression. Thereby, the non-
linear TMD is generally more applicable than the linear TMD,
despite its sensitivity to the excitation and structural physical
parameters. In previous studies, the environmental excitation
is usually assumed to be a deterministic excitation, such as
sine wave etc, and the seismic response of structure-nonlinear
TMD system can be determined in a deterministic category.
Here, what is different is that the external load is assumed to
be a random excitation, so the structure-nonlinear TMD
system should be analyzed based on the random theory. Simi-
larly, the response of the structure under random excitation
can also be controlled over a wider frequency range by an
appropriate parameter setting of the nonlinear TMD.

Generally, the optimization strategy of the nonlinear
TMD is similar to the linear TMD, however, while the non-
linear TMD is effective in a wider frequency range, the non-
dimensional response for the structure should be controlled in
the frequency range. So it is a multiple objective optimization
problem. The min max optimization strategy is applied in the
parameter optimization of nonlinear TMD, which can be
described as

fobj y l u= ∈{ }min max σ ω ω ωω1 1
2

1, , [ , ] , (28)

in which w1 is the structural frequency varying in a frequency
range, w1 is the lower bound of the frequency range, wu is the
upper bound of the frequency range, andσ ωy1 1

2
, corresponds to

the mean square response of the structure when the structural
frequency varies in the range w1 ∈ [w1,wu]. Here the upper
and lower frequency boundaries are set just to point out the
perturbation range of structural frequency. The optimal

parameters of nonlinear TMD can be obtained by minimizing
the objective function fobj in (28) by numerical method, and
according to the obtained optimal parameter the minimum
value of the maximum non-dimensional structural response
in the frequency range can be obtained. However, the min
max optimization strategy for the nonlinear TMD is
cumbersome and time consuming, which may restrict its
engineering application.

4.2.2 Simplified optimization strategy

For weakly nonlinear systems, the equivalent lineariza-
tion method is usually adopted as an approximate approach.
According to this method, the nonlinear TMD can be equiva-
lently substituted by a series of linear TMDs and, based on the
properties of the linear TMD referred to in the previous
section, a new optimization strategy for nonlinear TMD is
presented here, which is more simple and applicable.

As shown in Section III, it is known that the equivalent
linear TMD differs along with the changing response of sec-
ondary mass. Based on this point a simplified optimization
strategy for the nonlinear TMD effective in a wider frequency
range can be proposed. Designed by the optimization strat-
egy, the frequency of nonlinear TMD changes along with the
perturbation of structural frequency so that the frequency
ratio between the structure and the TMD changes little around
the optimal value. Therefore, the perturbation of structural
frequency has little influence on the performance of nonlinear
TMD, and the vibration reduction in a wider frequency range
can be achieved. It should also be mentioned that the nonlin-
ear TMD consisting of some types of nonlinear stiffness
elements is effective for the vibration control over a wide
frequency range, while some other types of nonlinear stiff-
ness elements are not suitable.

The model of nonlinear TMD consists of the small
mass, nonlinear Duffing spring and linear viscous damper.
According to the idea of optimization design above, by an
appropriate setting of nonlinear TMD the frequency ratio of
the structure-equivalent linear TMD system can deviate little
from the optimal value while the structural frequency varies.
However, the damping ratio will deviate from the optimal
value obviously in this case, which is unfavorable. It can be
seen from the previous section that a proper deviation of the
damping ratio from the optimal value has less influence on
the effect of vibration reduction compared with the frequency
ratio deviation. From another more favorable viewpoint, the
appropriate setting of the nonlinear TMD should cause devia-
tion of the damping ratio from the optimal value which is
insensitive, instead of the deviation of frequency ratio which
is sensitive. The “automatic adjustment” characteristic of
nonlinear TMD along with the structural frequency shifting is
similar to the active and semi-active control devices, what is
different is that the nonlinear TMD is more applicable and has
no external power requirement. However, obviously the cor-
responding adjustable degree of the nonlinear TMD is more
limited compared with active and semi-active control, but
more applicable compared with passive linear TMD, and by
the proposed new optimization strategy in this paper the
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nonlinear TMD can work in a wider frequency range. Yet,
there are still some other disadvantages for nonlinear TMD
introduced by the nonlinear element, such as its sensitivity to
excitation and structural damping characteristic, the stability
problem and multiple steady-state response. Despite these
problems, the nonlinear TMD is more applicable than linear
TMD, and is a lower cost alternative to the active devices. The
perturbation of structural frequency leads to the variation of
damping ratio of equivalent linear TMD and, if the deviation
of damping ratio from the optimal value is too large, the
performance of the nonlinear TMD will deteriorate obviously.
Conversely, the magnitude of damping ratio deviation from
the optimal value will limit the maximum perturbation range
of structural frequency, and within the range the nonlinear
TMD is effective. While structural frequency perturbation
exists in a wide range, the ideal condition for the nonlinear
TMD effective in the range is that the frequency ratio and
damping ratio equal the optimal values simultaneously, which
is usually impossible. In view of that the performance of
nonlinear TMD is sensitive to the frequency ratio deviation
from the optimal value and less sensitive to the damping ratio
deviation, an appropriate setting of nonlinear TMD is that the
frequency ratio approximately equals the optimal value and
the damping ratio shifts in a proper range while the structural
frequency varies. Accordingly a new optimization strategy is
proposed, which can be described as
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(29a,b)

in which the structural frequency varies in the range [w1,wu],
the damping ratio of equivalent linear TMD varies in the
range [z1,zu], hop is the optimal value of frequency ratio
obtained by numerical method, and σ y2

2 represents the mean
square response of secondary mass. When the damping
of structure is neglected, the expressions above can be
rewritten as
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which can be regarded as an approximation of light damping
structure.

Utilizing the strategy for the optimization of nonlinear
TMD, first the value of c2 can be obtained by (29a,b) making
the frequency and damping ratio equal to the optimal value
for the main control frequency:

c m mr op op r op op2 1 1 2 2 1 22 2= =ω μη ζ ω η ζ, , , , , (31)

in which w1,r represents the main controlled frequency of
structure, hop is the optimal frequency ratio, and z2,op is the
optimal damping ratio for the linear TMD. Assuming the

frequency ratio of equivalent linear TMD is approximately
equal to the optimal value while the structural frequency
varies, the equivalent linear damping ratio varies as follows:

ζ
ω η

ω ω ω2
2

2 1
1

2
,

,
,, [ , ],i

i op
i l u

c

m
= ∈ (32)

in which w1,i denotes the structural frequency in the range
[w1,wu] and z2,i is the corresponding changing damping ratio.
As the damping coefficient c2 has been given by (31), the
simplified optimization strategy is to confirm the stiffness
coefficients k2 and ′k2 , so a series of equivalent linear TMD
systems can be established with the frequency ratio equal to
the optimal value and damping ratio equal to the value
calculated by (32). The equivalent linear TMD series can be
written as:

Iequ op i op n op= { }( , ), , ( , ), , ( , ) ., , ,ζ η ζ η ζ η2 1 2 2… … (33)

In order to ensure that the frequency ratio approximately
equals the optimal value, (29a) should be satisfied in the
perturbation range of structural frequency, which generally
means to get the solution of n equations with two arguments.
The least square method can be used here, by which the
solution with minimum of square sum of error is calculated.
A matrix equation can be given by

A P Bk k k= , (34)

in which A m x m mk y n= [ , ( ) ; , ; ,,
( )

, ,1 3 11 1 1
2

0
2 1

1
2

1 1
2

1 1
2

2ω σ ω ω… …
x n

y( )( )3 0
2 σ 22

2
1 1

2
. , ]n nmω is the coefficient matrix, P k kk

T= [ , ]2 2
� is

the nonlinear stiffness coefficient vector of TMD, and Bk is
the constant vector with the elements equal to μηop

2 . It’s
obvious that the number of arguments are less than that of
constraint equations so that a trial based on the least square
method is made to fit (29a). Defining ek = AkPk - Bk, and the
transposed matrix e P A Bk

T
k
T

k
T

k
T= − , one has
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H P G H A A G A Bk k k k k
T

k k k
T

k= = =, , , (35c-e)

in which the optimal values of nonlinear TMD’s parameters
are given in a close-form expression. It is necessary to
substitute the solution of nonlinear TMD obtained by (35a-e)
into (29a) to check if the left-hand side equals the right-hand
side, or not. If the difference between the left-hand and
right-hand sides of equation is small, it is considered that the
setting of nonlinear TMD satisfies the objective of vibration
suppression of structure in the given frequency range; if the
difference is large, the design strategy is not suitable in the
frequency range, while it is likely suitable in a relatively
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narrow frequency range. The frequency ratio calculated
according to (29a) is written as:

η
μ ω μ ω

σi
i i

y
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m
x i= +2

1 1
2

2
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2 0

2 23 2
, ,

, ,
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(36)

in whichσ y i2
2

, corresponds to the equivalent linear TMD series
Iequ, because the non-dimensional response of secondary mass
is insensitive to frequency ratio as have been shown in
Fig. 2b. The evaluation index for the difference between the
left-hand and right-hand sides of equation can be selected as
follows:

e abs i ni op

op
η

η η
η

=
−⎛
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⎞
⎠⎟

=
⎧
⎨
⎩

⎫
⎬
⎭

max , , , .1 … (37)

Generally, the new simplified optimization strategy for non-
linear TMD can be described as follows:

1. Choose a perturbation range of frequency, calculate the
damping efficient c2 by (31), and establish a series of equiva-
lent linear TMD systems, in which the frequency ratio
approximately equals the optimal value, and the damping
ratio is calculated by (32).
2. Solve (29a) by the least square method, and obtain the
parameters of nonlinear TMD by (35a-e).
3. Analyze the difference by (37) to check if the left-hand
side is approximately equal to the right-hand side. If the
difference between the left-hand and right-hand sides of
equation is small, the setting of nonlinear TMD satisfies the
objective of vibration reduction in a wide frequency range; if
the difference is great, the optimization strategy is not suit-
able in the frequency range, and it is likely to be suitable in a
relatively narrow frequency range.
4. Reduce the max perturbation range of structural fre-
quency, and repeat steps 2–4 until the difference between
left-hand and right-hand sides of (29a) is small enough.
5. Obtain the optimal value of stiffness and damping coeffi-
cients, and check the validity of the nonlinear TMD.

4.2.3 Error of structural frequency estimation

It is well known that the optimized linear TMD based on
a structural model with exactly defined parameters may not be
so effective, and may even fail, due to the inevitable errors in
the construction, especially the perturbation of structural fre-
quency. In this section, the new strategy is used for the design
of nonlinear TMD. After assuming the main control fre-
quency, the stiffness and damping coefficients of the nonlin-
ear TMD is simply calculated by the new optimization
strategy, and the effective frequency range is broadened com-
pared with the linear TMD. The main controlled frequency is
assumed to be w1,r = 20 rad/s. Define the perturbation range
of structural frequency as

p abs r

r
ω

ω ω
ω1

1 1

1

= −⎛
⎝⎜

⎞
⎠⎟

,

,

. (37)

Fig. 3 describes the difference between the optimal fre-
quency ratio and frequency ratio calculated by (29a) for 10%,
20%, 30%, 40%, 50% perturbation range of structural fre-
quency, respectively. Assuming that the number of fitting
frequency points distributed uniformly in the perturbation
range are 21, Fig. 4 shows the magnitude of evaluation index
eh for different frequency perturbation range. Accordingly it
can be shown that while the perturbation frequency range is
less than 10% the evaluation index eh is small enough,
meaning the left-hand side of (29a) is approximately equal to
the right-hand side. The damping and stiffness coefficients of
nonlinear TMD is simply obtained by the new optimization
strategy: c2 = 0.097, k2 = 20.93, ′ = −k2 8866.86. In the non-
dimensional (7) and (11), the nonlinear stiffness coefficient is
�k x k2 0

2
1 and linear stiffness coefficient is k2/k1, in which the

Fig. 3. Fitting frequency ratio corresponding to different
frequency perturbation range.

Fig. 4. Evaluation index corresponding to different frequency
perturbation range.
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magnitude of x Sxg0 1 1
32= π ζ ω�� is usually very small. Here,

x0 is less than 0.01 in the perturbation range of structural
frequency. Thus, the ratio between nonlinear stiffness coeffi-
cient and linear stiffness coefficient �k x k2 0

2
2 is much smaller

than 1. Therefore, the nonlinear TMD is weakly nonlinear,
and the equivalent linearization method has enough accuracy.

V. STABILITY ANALYSIS

Due to the introduction of nonlinearity in the TMD
system, there are usually multiple steady state responses cor-
responding to a parameter combination setting of nonlinear
TMD. The secondary mass can suppress the structural
response in some steady states, while others may have no or
adverse function for structural response suppression. As
shown in the previous sections, the optimized nonlinear TMD
is established according to the new proposed optimization
strategy in this paper and the nonlinear stiffness element is
assumed to be a soft Duffing spring.

Fig. 5 gives the multiple steady state responses of a
structure with attached nonlinear TMD. The nonlinear TMD
can suppress the structural response in the low steady state
response as shown in the figure. In order to avoid the vibra-
tion of the nonlinear TMD in an unfavorable steady state,
the control techniques can be adopted to induce an intended
steady state, which is known as the chaos control. Com-
pared with the general active control techniques, the tech-
nique only needs a little transition energy for the nonlinear
TMD into the favorable steady state. The research here
doesn’t emphasize the control technique making nonlinear
TMD vibrate in the favorable steady state, so it is not intro-
duced in this section.

In Fig. 6, the dashed line describes the influence of
structural frequency perturbation on the non-dimensional
response of the structure with attached linear TMD, which
illustrates the performance of the linear TMD, and the solid

line corresponds to the favorable steady state while the struc-
tural frequency varies in a range. It can be shown that the
nonlinear TMD in the favorable steady state is more effective
in a wider frequency range than the linear TMD.

VI. SENSITIVITY STUDY

Different from the linear TMD, the performance of non-
linear TMD can be influenced by the external excitation
intensity and damping ratio of structure. In this section, the
sensitivity of nonlinear TMD designed by the new optimiza-
tion strategy is investigated and it is pointed out that the
sensitivity may limit the engineering applications of nonlin-
ear TMD.

6.1 Influence of excitation intensity

Fig. 7 describes the influence of external excitation
intensity on the non-dimensional response of the primary
structure, which represents the performance of the nonlinear
TMD. For the optimized nonlinear TMD designed by the
strategy mentioned in the previous section, its performance
would deteriorate for both the increasing and decreasing
excitation intensity series. However, the influenced law is
somewhat different as it can be seen in the figure. The
designed nonlinear TMD is more suitable for the intensity
determined excitation, such as wind excitation, the intensity
of which can be approximately determined in a certain geo-
graphic region.

6.2 Influence of damping ratio of structure

The influence of perturbation of structural damping
ratio on the performance of nonlinear TMD is investigated
here. As shown in Fig. 8, the perturbation can affect

Fig. 5. Multiple steady state response of structure attached with
nonlinnear TMD.

Fig. 6. Contrast of non-dimensional response of structure
attached with linear TMD (—) and nonlinear TMD (---).

1067W. Guo et al: A Simplified Optimization Strategy for Nonlinear Tuned Mass Damper in Structural Vibration Control

© 2011 John Wiley and Sons Asia Pte Ltd and Chinese Automatic Control Society



the non-dimensional response of the structure. Compared
with the linear TMD, the nonlinear TMD can broaden
the effective frequency range for structural vibration sup-
pression. However, the vibration suppression effect is
more effective while the damping ratio varies, and the
center frequency in the range for vibration reduction is not
the main control frequency anymore. While the structural
damping ratio decreases, the performance of the nonlinear
TMD represented by the non-dimensional response of
structure is better than the initial case, and a little worse
compared with the optimized linear TMD, whereas the non-
linear TMD is effective in a wider frequency range than
the linear TMD. When the structural damping ratio
increases, the performance of nonlinear TMD deteriorates
accordingly and even falls into failure for the large augmen-
tation of structural response. Thereby, the perturbation of
the structural damping ratio should be considered and
control in a reasonable range included in the design of non-
linear TMD. For the nonlinear TMD designed by the opti-
mization strategy described in the previous section, a larger
damping ratio is favorable in the modeling of practical
structures.

VII. CONCLUSIONS

In this paper, the seismic response of coupled structure-
nonlinear TMD system subjected to Gaussian white noise
excitation is calculated, in which the nonlinear element is
assumed to be the Duffing spring. In the numerical analysis,
the equivalent linearization method, which is accurate enough
for the weakly nonlinear case, is used and the standard devia-
tion of the response is adopted as the optimization index.
Meanwhile, a simplified optimization strategy for the nonlin-
ear TMD is presented, according to which the nonlinear TMD
can be designed effectively in a wider frequency range than
that of the linear TMD. Furthermore, the multiple steady
states due to the introduction of nonlinearity are investigated,
and the sensitivity of nonlinear TMD to the excitation inten-
sity and structural damping ratio is also studied, which points
out that the sensitivity may limit the engineering application
of nonlinear TMD. In the end of this paper, it is found that the
nonlinear TMD is more applicable for determinate excitation,
like wind, and it is also observed that the research in this
paper emphasizes the simplified optimization strategy but not
the applicability of the nonlinear TMD.

Fig. 7. Sensitivity of nonlinear TMD’s performance for vibration suppression of structure to (a) increase and (b) decreased excitation
intensity, m1 = 1, m = 0.03, z1 = 0.05, linear TMD: .

Fig. 8. Sensitivity of linear and nonlinear TMD’s performance for vibration suppression of structure to (a) decreased and (b) increased
structural damping ratio, m1 = 1, m = 0.03.
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