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Abstract An effective approach to simulate the multi-support earthquake underground

motions is proposed in this paper and the key factor for this approach (i.e. underground

cross-correlation function) is presented in advance and elaborated. Previous studies are

mainly focused on the multi-support ground motions due to the absence of the necessary

conditions to simulate underground motions, i.e., underground power spectral density

(PSD), underground response spectrum and, especially, underground cross-correlation

function. In this paper, the underground PSD and response spectrum are firstly derived and

the cross-correlation function between the underground motions at positions with different

horizontal and vertical coordinates is further deduced. The physical meanings of the

parameters in this approach are explicitly clarified. Moreover, a program for generating the

multi-support earthquake underground motions is developed and the reliability of the

generated underground motions is verified. Finally, a two-span bridge is taken as an

example to investigate structural responses under multi-support earthquake underground

excitations. Numerical results show that the dynamic responses under multi-support

earthquake underground motions are significantly different from those under multi-support

earthquake ground motions. Results indicate that the simulation of multi-support earth-

quake underground motions is significant for both study and engineering application.
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1 Introduction

Dynamic responses of structures under earthquake excitations are related to and even

dependent upon the input method of seismic motion, especially for a large-span structure

subjected to multi-support seismic excitations. According to the actual conditions, the

earthquake motion is usually characterized by variations in time and space (i.e., the wave

passage effect, site coherence effect and local site effect) and the differences in the support

motions have a significant influence on the structural internal forces (Hao 1989; Berrah and

Kausel 1992). Many theoretical models (especially the coherency function models) are

proposed to simulate the spatially varying ground motions. By using the input method of

stochastic representations of the seismic ground motions, Zerva (1990) studied the

response of continuous multi-span beams of various lengths subjected to spatially varying

seismic ground motions. Then, Zerva (2002) further studied the effect of spatial coherency

on the seismic response of extended structures from recorded data at dense instrument

arrays. Abrahamson et al. (1991) analyzed the spatial coherency of strong ground motion

from fifteen earthquakes recorded by the Lotung LSST strong motion array and derived

empirical coherency functions for the horizontal component S-waves. Taking different soil

conditions into consideration, Kiureghian (1996) proposed a theoretical coherency loss

function, in which the ground motion power spectral density function was represented by a

site-dependent transfer function and a white noise spectrum and revealed the effect of local

site condition on the response of structures across different lengths. Bi and Hao

(2011, 2012) firstly investigated the influences of layered irregular sites and random soil

properties on coherency functions and then presented an approximate method to simulate

spatially varying ground motions on the surface of an uneven site with non-uniform

conditions at different locations.

In addition, several investigators have also proposed methods to spatially varying

ground motions from different perspectives. Ta et al. (2010) generalized the Soize’s model

(2006) to account independently for the anisotropy index and the fluctuation level, which

leads to major differences in the wave propagation regimes and is beneficial to build the

predictive models of the dynamic behavior of inhomogenous and complex structures.

Konakli and Der Kiureghian (2012) presented a method for simulating arrays of spatially

varying ground motions and validated the correctness of the method by comparing sta-

tistical characteristics of the synthetic motions with target theoretical models. Liu et al.

(2012) proposed a method for generating multi-point earthquake motions on the basis of

focal mechanism. Zentner and Poirion (2012) introduced a new method for generating

synthetic ground motion, based on Karhunen–Loève decomposition and a non-Gaussian

stochastic model. The proposed method enables the structural analyst to simulate ground

motion time histories featuring the properties such as peak ground acceleration (PGA),

cumulative absolute velocity and Arias intensity. Su and Shi (2013) proposed a dis-

placement-based earthquake loss assessment methodology for RC frames when the

influence of masonry infill panels is taken into account.
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Different kinds of structures (e.g., single-span and multi-span bridges, train-bridge

system and spatial-reticulated structures, etc.) are taken as examples to investigate struc-

tural dynamic responses under multi-support seismic excitations, which are generated by

the conventional approach (Lou and Zerva 2005; Alexander 2008; Tian and Yang 2009;

Xu 2010; Zhang et al. 2010; Ye et al. 2011; Tian and Li 2012; Guo et al. 2013; Tian et al.

2014; Shrestha et al. 2014). A new methodology is set up and implemented into a computer

code by Sextos et al. (2003) for deriving sets of appropriately modified time histories and

spring–dashpot coefficients at each support of a bridge with account for spatial variability,

local site conditions and soil–foundation–superstructure interaction, for the purposes of

inelastic dynamic analysis of RC bridges. Several investigators (Berrah and Kausel 1992;

Kiureghian and Neummhofer 1992; Su et al. 2006; Yu and Zhou 2008) extended the

response spectrum method for the case of spatially varying ground excitations to estimate

the peak structural response. However, above studies are mainly focused on earthquake

ground motions and the multi-support earthquake underground motions are rarely reported

in the published literatures. It is noted that for the large-span spatial structure with

underground structure, regarding ground motions as underground input is unreasonable.

According to Zerva’s productive work (2009), the seismic ground deformations are

selected as the seismic loads for the underground structures (e.g. buried pipelines and

tunnels). However, there continues to be a lack of effective theoretical approaches to

simulate the multi-support underground earthquake motions (e.g. acceleration, velocity and

displacement time histories).

For the seismic analysis of spatial system with underground structure, one may input

the multi-point earthquake excitations at the base of the building. In this case, the

underground excitation is generated by the seismic wave propagating to the base of the

underground structure at a certain depth below the ground. The existing ground PSD,

response spectrum and coherence models cannot be directly employed to simulate the

multi-support underground motions. Therefore, the underground PSD and underground

response spectrum are firstly deduced and then the underground cross-correlation func-

tion is further presented. These three theoretical models are firstly employed to establish

the total power spectrum matrix and then the underground motions are generated by

decomposing the aforementioned matrix using Cholesky decomposition method. These

three theoretical models are not only necessary conditions to simulate the multi-support

earthquake underground motions but also the standards to verify the simulation results.

Moreover, a program for simulating multi-support earthquake underground motions is

developed and its reliability is verified. Finally, a two-span bridge is taken as an example

to calculate its seismic response under both multi-support earthquake ground and

underground motions. Numerical results show that the simulation of multi-support

earthquake underground motions is significant for both study and engineering

application.

2 Review of transfer function

2.1 Transfer function for simple layer soil

Figure 1 gives one-dimensional system consists of two horizontal layers which extends to

infinity in the horizontal direction and has a half-space as the bottom layer. The parameters

z and h are the ordinate values of layer and the soil layer height, respectively; A and B are

Bull Earthquake Eng (2017) 15:4635–4659 4637

123

Author's personal copy



the amplitudes of the up-going and down-going waves, respectively; the subscripts s and r

relate to the value of the associated variable in soil and rock layer, respectively; u z; tð Þ
denotes the horizontal displacement function; q, G, and g are soil/rock density, shear

modulus and viscous coefficient.

The equation for a one-dimensional wave can be expressed as follows

q
o2us

ot2
¼ G

o2us

oz2s
þ g

o3us

oz2sot
ð1Þ

The displacement function with circular frequency x is determined as (Schnabel et al.

1972)

us zs; tð Þ ¼ U zsð Þeixt ð2Þ

Substituting Eq. (2) into Eq. (1) and solving the obtained equation yields

U zsð Þ ¼ Aeik
�
s zs þ Be�ik�s zs ð3Þ

where k�s and G� are complex wave number and complex shear modulus, respectively and

satisfy the following relationship (Schnabel et al. 1972)

k�ð Þ2¼ qx2

Gþ ixg
¼ qx2

G� ð4aÞ

G� ¼ Gþ ixg ð4bÞ

xg ¼ 2Gn ð4cÞ

Substituting Eq. (4c) into Eq. (4b) yields

G� ¼ G 1þ 2inð Þ ð4dÞ

where G� can be assumed to be independent of frequency.

Combining Eq. (2) and Eq. (3) yield the following displacement functions

us zs; tð Þ ¼ Ase
i xtþk�s zsð Þ þ Bse

i xt�k�s zsð Þ ð5Þ

Fig. 1 The propagation of shear wave in simple layer soil
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ur zr; tð Þ ¼ Are
i xtþk�r zrð Þ þ Bre

i xt�k�r zrð Þ ð6Þ

Considering the boundary conditions at the bedrock-soil interface (us ¼ ur; ss ¼ sr) and
the free surface of ground (ss ¼ 0), the following equations yield

As eik
�
s h þ e�ik�s h

� �
¼ Ar þ Br ð7Þ

a�zAs eik
�
s h � e�ik�s h

� �
¼ Ar � Br ð8Þ

where

a�z ¼
G�

sk
�
s

G�
r k

�
r

ð9Þ

is referred to as a complex impedance ratio.

Solving Eqs. (7) and (8) and employing Euler’s Law (SHAKE2000 Consulting Group

User’s Manual 2000), the transfer function between soil and rock can be obtained

Hsr xð Þ ¼ 1

cos k�shþ ia�z sin k
�
s h

ð10Þ

2.2 The change of phase angle

Obviously, for the term Bse
i xt�k�s zsð Þ in Eq. (5), the imaginary parts cancel each other out

while the real parts are combined with each other. The displacement function is given by

(Schnabel et al. 1972; SHAKE2000 Consulting Group User’s Manual 2000)

us zs; tð Þ ¼ 2As cos xt þ k�s zs
� �

ð11Þ

The amplitude, period and phase angle of us zs; tð Þ are illustrated in Fig. 2 and the phase

angle can be expressed as the following equation

s ¼ k�s zs
x

¼
ffiffiffiffiffiffi
q
G�

r
zs ð12Þ

The phase angle s varies with the ordinate value zs.

Fig. 2 The amplitude, period and phase angle of us(zs, t)
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2.3 Transfer function for multi-layer soil

As shown in Fig. 3, z denotes the ordinate value of layer and in addition the coordinate

origins are located at the top of each layer; h denotes the layer height; A and B are the

amplitudes of the up-going and down-going waves, respectively; the subscript n is the

sequence number of soil layer; Hij(w) denotes the transfer function.

Wave propagations in multi-layered and simple layer soil, as shown in Figs. 1 and 3, are

similar, and the transfer function for multi-layer condition is more complex than that for

simple layer condition. Based on the above analysis, the horizontal displacement formula

for the jth layer is

uj zj; t
� �

¼ Aje
i xtþk�j zjð Þ þ Bje

i xt�k�j zjð Þ ð13Þ

According to the displacement coordination and the shear stress continuity at the

interface between jth and (j ? 1)-th soil layer, the following equations must be satisfied

Aje
ik�j hj þ Bje

�ik�j hj ¼ Ajþ1 þ Bjþ1 ð14Þ

a�j Aje
ik�j hj � Bje

�ik�j hj
� �

¼ Ajþ1 � Bjþ1 ð15Þ

where a�j is the complex impedance ratio and defined as

a�j ¼
G�

j k
�
j

G�
jþ1k

�
jþ1

ð16Þ

Combining Eqs. (14) and (15) yield

Ajþ1 ¼
1

2
Aj 1þ a�j

� �
eik

�
j hj þ 1� a�j

� �
e�ik�j hj

h i
ð17aÞ

Bjþ1 ¼
1

2
Aj 1� a�j

� �
eik

�
j hj þ 1þ a�j

� �
e�ik�j hj

h i
ð17bÞ

Considering that there is no shear stress at the ground surface, the displacement of

(j ? 1)-th layer can be obtained from the following formulae

Fig. 3 Wave propagation in multi-layer soil
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Ajþ1 ¼ a�jþ1 xð ÞA1 ð18aÞ

Bjþ1 ¼ b�jþ1 xð ÞB1 ð18bÞ

A1 ¼ B1 ð19Þ

where a�jþ1 xð Þ and b�jþ1 xð Þ are the recursive coefficients derived from Eq. (17a) and (17b),

respectively.

The transfer function between any two layers can be calculated from the following

equation

Hij xð Þ ¼ a�i xð Þ þ b�i xð Þ
a�j xð Þ þ b�j xð Þ ð20Þ

3 Underground PSD and response spectrum

To provide an effective approach to simulate the corresponding multi-support seismic

underground motions, the former two necessary conditions to simulate underground

motions (i.e., underground power spectral density (PSD) and underground response

spectrum) are given on the basis of those conditions of ground motions random vibration

theory, and the detailed derivation process is given in this section. Another necessary

condition (i.e., underground coherence function) for simulating multi-support seismic

underground motions is given in Sect. 4.

The geological strata geometry is given in Fig. 4.

The relationship among Smm xð Þ, Sii xð Þ and Him xð Þ is

Smm xð Þ
Sii xð Þ ¼ Him xð Þj j2 ð21Þ

where Sii xð Þ and Smm xð Þ are the auto-power spectrum of the motions at points i and m,

respectively.

Most of the formulae about the response spectrum can be written in the following form

(Clough and Penzien 1993; Chopra 2001)

Ri x; nð Þ � ki
ffiffiffiffiffiffiffiffiffiffiffiffi
Sii xð Þ

p
ð22Þ

Ground surface

k layer

1 layer

2 layer

k-1 layerm
n

ji

Infinite domain

Fig. 4 Geological strata
geometry
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where ki denotes peak factor related to exceeding probability, period, circular frequency

and damping ratio; Sii xð Þ is the auto-PSD. In the general case, parameter k is given by

(Clough and Penzien 1993; Chopra 2001)

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 ln �p ln p
x �T

� �s
px
2n

� �1=2

ð23Þ

where �T denotes the duration of the signal, p denotes the non-exceedance probability value.

The relationship between Rm x; nð Þ and Ri x; nð Þ is

Rm x; nð Þ
Ri x; nð Þ ¼ km

ki

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Smm xð Þ
Sii xð Þ

s

ð24Þ

Substituting Eq. (23) into Eq. (24) yields

Rm x; nð Þ
Ri x; nð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ln � p ln p

x �T

� �q
px
2n

� �1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ln � p ln p

x �T

� �q
px
2n

� �1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Smm xð Þ
Sii xð Þ

s

¼ Him xð Þj j ð25Þ

Figure 5 is given for the comparison between the ground and underground response

spectrums. In addition, the detailed description of response spectrum of underground

motion is given in Sect. 4.

4 Derivation of underground coherence function for multi-support
earthquake motions

As shown in Fig. 6, the relationship of phase differences between harmonic motions is

given. The terms ihxi tð Þ and ihxi tþ sið Þ are the harmonic motions with phase difference si;

jhxi tþ Ds1ð Þ and jhxi tþ Ds1 þ sj
� �

are the harmonic motions with phase difference sj; Ds1

1 layer

2 layer

k layer

T /s

T /s

R

R

infinite domain

response spectrum of
ground motion

response spectrum of
underground motion
(detailed description is
given in section 5)

Fig. 5 Response spectrum for ground and underground motions. R is the earthquake influence coefficient
(the ratio of the spectral acceleration to the maximum acceleration); T is the natural period of structure
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is the phase difference between ihxi tð Þ and jhxi tþ Ds1ð Þ; Ds2 is the phase difference

between ihxi tþ sið Þ and jhxi tþ Ds1 þ sj
� �

.

The expression of the cross-PSD is given by

Sij xð Þ ¼ 1

2p

Z1

�1

Rij Ds1ð Þe�ixDs1dDs1 ð26Þ

where Rij Ds1ð Þ is the cross correlation function between the motions at points i and j,

defined as

Rij Ds1ð Þ ¼ E ihxi tð Þjhxi t þ Ds1ð Þ
h i

ð27Þ

From Fig. 6, the vibration of point j can be expressed by that of point i with a phase

difference

jhxi t þ Ds1ð Þ ¼
A
hji
xð Þ

A
hii
xð Þ

ihxi t þ si � sj þ Ds2
� �

ð28Þ

where A represents the amplitude of harmonic vibration; superscripts i and j relate to the

value of the associated variable of harmonic motions at points i and j, respectively.

Substituting Eq. (28) into Eq. (27) yields

Rij Ds1ð Þ ¼ E ihxi tð Þ
A
hji
xð Þ

A
hii
xð Þ

ihxi t þ si � sj þ Ds2
� �

2

4

3

5 ¼
A
hji
xð Þ

A
hii
xð Þ

Rii si � sj þ Ds2
� �

ð29Þ

Substituting Eq. (29) into Eq. (26) gives

Sij xð Þ ¼
A
hji
xð Þ

2pAhii
xð Þ

Z1

�1

Rii si � sj þ Ds2
� �

e�ixDs1dDs1

¼
A
hji
xð Þ

2pAhii
xð Þ

Z1

�1

Rii si � sj þ Ds2
� �

e�ixDs2eix sj�sið Þd si � sj þ Ds2
� �

ð30Þ

where si and sj are constants; Ds2 is the integral variable.

Fig. 6 Harmonic motions with different phase differences
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It is important to note that the initial phase difference has no effect on the final results,

when the integral interval tends to infinity. Therefore, Eq. (26) can be further rewritten as

Sij xð Þ ¼
A
hji
xð Þ

2pAhii
xð Þ

Z1

�1

Rii Ds2ð Þe�ixDs2eix sj�sið Þd Ds2ð Þ

¼
A
hji
xð Þ

2pAhii
xð Þ

eix sj�sið ÞSii xð Þ

ð31Þ

The cross-PSD for the underground motions, Smn xð Þ, can be similarly expressed as

Smn xð Þ ¼
A
hni
xð Þ

2pAhmi
xð Þ

eix sn�smð ÞSmm xð Þ ð32Þ

Therefore, the relationship between Sij xð Þ and Smn xð Þ is

Smn xð Þ
Sij xð Þ ¼

A
hni
xð Þ

2pAhmi
xð Þ
eix sn�smð ÞSmm xð Þ

A
hji
xð Þ

2pAhii
xð Þ
eix sj�sið ÞSii xð Þ

¼ eix si�smð Þeix sn�sjð Þ Him xð Þj j Hjn xð Þ
		 		

ð33Þ

The two coherence functions for earthquake ground and underground motions, qij xð Þ
and qmn xð Þ, are given by the following formulae

qij xð Þ ¼ Sij xð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sii xð ÞSjj xð Þ

p ð34Þ

qmn xð Þ ¼ Smn xð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Smm xð ÞSnn xð Þ

p ð35Þ

Combining Eqs. (34) and (35) yields

qmn xð Þ
qij xð Þ ¼ Smn xð Þ

Sij xð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sii xð ÞSjj xð Þ

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Smm xð ÞSnn xð Þ

p ¼ Smn xð Þ
Sij xð Þ Hmi xð Þj j Hnj xð Þ

		 		 ð36Þ

Then,
qmn xð Þ
qij xð Þ can be calculated from Eqs. (33) and (36)

qmn xð Þ
qij xð Þ ¼ eix si�smð Þeix sn�sjð Þ ¼ eix si�smð Þ� sj�snð Þ½ � ð37Þ

The value of si; sj; sm and sn can be calculated by Eq. (12) given in Sect. 2.2.

s ¼ k�z

x
¼

ffiffiffiffiffiffi
q
G�

r
z

The density q and the complex shear modulus G� are determined by certain layers.

Therefore, the phase difference between the ground and underground sinusoidal waves is

dominated by zs of each layer. In the case that the thickness of the same soil layer is
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uniform, as shown in Fig. 7a, si � smð Þ is equal to sj � sn
� �

and qmn xð Þ=qij xð Þ turns out to
be 1. However, in general conditions, the thickness of the same soil layer is not uniform

(Fig. 7b), and then si � smð Þ is not equal to sj � sn
� �

because zs varies with the location

even in the same layer. Therefore, the ratio of qmn xð Þ=qij xð Þ is not equal to 1.0.

According to the above analysis, all of the necessary conditions to simulate under-

ground motions (i.e., underground power spectral density (PSD), underground response

spectrum and underground cross-correlation function) are derived on the basis of those

necessary conditions of ground motion. Based on the proposed approach, the coherency

model for the underground motion is theoretically compatible with that for the free surface

ground motion. In engineering practice, the precise knowledge of the subsoil configuration

is difficult to obtain. If the precise subsoil configuration is obtained using current geo-

logical exploration technology, the underground seismic motion can be simulated for the

far-fault earthquake based on the proposed approach.

5 Program development and verification for multi-support earthquake
underground motions

5.1 Flowchart of program development

Based on the above analysis, a flowchart including nine steps for computing the PSD,

response spectrum and coherence function of the underground motions is given in Fig. 8.

i j

i j

2 layer

1 layer

1 layer

...

...
...
...

nm

2layer

j layer

k-1 layer

k layer

m

n
......

...

...

...

...

(a)

(b)

Fig. 7 Geological strata
geometries in different cases. a
Geological strata geometry for
qmn xð Þ ¼ qij xð Þ, b Geological

strata geometry for
qmn xð Þ 6¼ qij xð Þ
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5.2 Development and verification of program

In order to verify the reliability of the developed program, an analysis based on the

geological parameters listed in Table 1 is performed. As shown in Fig. 9, the points A’, B’

and C’ are located in different soil layers, the thicknesses of the soil between ground

surface and points A’, B’ and C’ are different from each other. Therefore, three sets of

thickness data are assigned and the transfer functions are calculated based on these

Programming flowchart

Assign the range and interval value of 

Assign the maximum number of strata

(3)

(5)

(4)

(7)

(6)

(8)

(9)

(2)

(1)

Step

Fig. 8 Programming flowchart for calculating the PSD, response spectrum and coherence function of the
underground motions
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m30
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m30

m30

30m

30m

30m

30m

Layer 1

Layer 3

Layer 4

Layer 2

'A

A B

'B

C

'C

m30

m120m5.60

Infinite domain

Ground surface

Fig. 9 Comparison of the positions at different depths

0

2

4

6

8

10

12

14

0 2 4 6 8 10

M
ag

ni
tu

de

Frequency (Hz)

AA'
BB'
CC'

Fig. 10 Transfer functions of different positions at different depths

Table 1 Material parameters of layered soil

Layer Density (kg/m3) Elastic modulus (MPa) Poisson’s ratio Damping ratio Thickness (m)

1 1830 430 0.26 0.05 30 30 30

2 1870 490 0.29 0.05 30 30 30

3 1920 550 0.32 0.05 30 30 30

4 1970 610 0.35 0.05 30 30 30

* E represents the elastic modulus; v represents the Poisson’s ratio. Shear modulus is denoted as
G ¼ E=2 1þ vð Þ
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parameters and the above theoretical analysis. Figure 10 indicates that the dominant fre-

quency of transfer function decreases with increasing thickness, which is consistent with

the actual phenomenon.

In order to generate the earthquake underground motions, the relevant parameters

should be assigned in advance. The PSD model, coordinates of support points, apparent

wave velocity, coherence function, response spectrum and intensity envelope function are

assigned after the transfer function is obtained for calculating the underground motions.

Clough–Penzien model is adopted as the ground target PSD

S xð Þ ¼
x4

g þ 4n2gx
2
gx

2

x2
g � x2

� �2
� x4

x2
f � x2

� �2

þ 4n2fx
2
fx

2

S0 ð38Þ

where S0 is the spectral intensity; x is circular frequency; xg and ng are the ground

predominant frequency and ground damping ratio, respectively; xf and nf are seismic

energy parameters which reflect the changes of seismic energy of low frequency. In this

paper, the values of S0, xg, ng, xf , and nf (Maharaj 1978; Liu et al. 2009) are assigned to

0.042, 21.40, 0.075, 0.38, and 0.49, respectively.

Hao coherent model (Liu et al. 2009; Hao et al. 1989) is adopted as ground target

coherence function

qjk x; dð Þ ¼ e �b1dð Þ � e �a1 xð Þ
ffiffi
d

p
x
2pð Þ2


 �
ð39Þ

a1 xð Þ ¼ 2pa
x

þ bx
2p

þ c ð40Þ

where qjk is the coherence function between the motions of support points j and k; x is

circular frequency; the time lag s ¼ d=vapp with vapp denotes the surface apparent wave

velocity and d is the distance between j and k; b1, a, b and c are constants, and are assigned
to 1.109 9 10-4, 3.583 9 10-2, -1.811 9 10-5 and -1.177 9 10-4 (Maharaj 1978; Liu

et al. 2009), respectively.

The PSD function is first obtained on the basis of Clough-Penzien model and Hao

coherent model, and the cross-PSD function is also obtained accordingly. The PSD matrix

can be represented by the PSD function and cross-PSD function based on stationary

random theory (Zerva 2002). Moreover, the PSD matrix is decomposed by Cholesky

Decompostion Method (Atkinson 1978) to calculate the amplitude and the phase angle.

Then, the ground motions are generated through prototype spectral representation method

(Hao et al. 1989). According to Eqs. (21) and (37), the underground PSD and coherence

function can be calculated directly and the underground motions can be simulated in the

same way. In this paper, the apparent wave velocity is 250 m/s, and the parameters of

intensity envelope function, i.e., t1, t2 and c are set to 0.8, 7.0 and 0.35, respectively.

Response spectrum of Bridge Seismic Design Code (MOHURD 2011) is adopted as the

ground target response spectrum. Eventually, the acceleration histories, peak values and

variances of the earthquake underground motions are simulated and illustrated in Fig. 11.

As shown in Fig. 11, the peak values and variances of underground motions are smaller

than those of ground motions, which indicates that the earthquake motions are amplified by

layered soil deposits. Figures 12 and 13 show that the simulated PSD of ground and

underground motions are coherent with the target PSD. In addition, it should be empha-

sized that the curves of underground target PSD are undulate and exhibit an significant

difference from the smooth curves of the ground target PSD. From Eq. (21) and Fig. 14,
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the essential reason for the phenomenon is that Smm xð Þ is the product of Sii xð Þ (smooth

and characterized by statistical properties) and Him xð Þj j2 which is unstatistical, undulate

and dependent on the specific soil properties.

According to Fig. 15, coherence coefficients of both ground and underground target

coherence functions approach to 1 when the frequency approaches to 0. Moreover, the
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Fig. 11 The ground and underground acceleration histories. r is the variance of the acceleration history.
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difference between the ground and underground target coherence functions becomes more

significant with increasing frequency. The reason is that in Eq. (39), the first exponent,

�b1d, is a very small constant and the second exponent, �a1 xð Þ
ffiffiffi
d

p
x=2pð Þ2, approaches

to 0 with decreasing frequency. Hence, the values of both ground and underground

coherent coefficients approach to 1 when the frequency approaches to 0. According to

Eq. (37), qmn xð Þ=qij xð Þ decreases from 1 to infinitesimal with the increase of circular

frequency. Therefore, the differences between coherence coefficients in the high-frequency

domain are more significant than that in the low-frequency domain. The coherence coef-

ficient of each frequency shown in Fig. 15b is a little smaller than that shown in Fig. 15a

because the distance between A(A0) and B(B0) is smaller than the distance between B(B0)
and C(C0).

The response spectrum of bridge seismic design code (MOHURD 2011) shown in

Fig. 16 is adopted as the target response spectrum. It is noted that the underground target

response spectrum fluctuates violently because the underground target response spectrum

is calculated from

Rm x; nð Þ
Ri x; nð Þ ¼ Him xð Þj j ð41Þ

in which Him xð Þj j is undulate while Ri x; nð Þ is smooth. Figure 17 is given to explain it

more clearly. It can be seen from Fig. 16 that the period corresponding to the platform

stage of the ground target response spectrum ranges from 0.101 to 0.347 s. The average

value of the underground target response spectrum over the period range from 0.101 to

0.347 s is highlighted. This average value is smaller than the value of the platform stage of

ground target response spectrum, which reflects the aforementioned site amplification
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effect. Additionally, as shown in Fig. 18, the simulated underground response spectrum is

consistent with the target response spectrum, which further demonstrates the reliability and

efficiency of the theoretical method and visual program for simulating the earthquake

underground motions.
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6 Sensitivity analysis for structural responses under multi-support
earthquake underground and ground motions

In this section, the finite element models of a two-span bridge and corresponding soil-

bridge system are exampled for further discussion. Firstly, the multi-support earthquake

ground motions are adopted for the numerical analysis of bridge and the seismic response

is obtained. Then, the multi-support earthquake underground motions are generated by the

visual program as mentioned above. It should be pointed out that the Clough–Penzien

model for soft soil site is employed in the program and the parameters of the PSD model,

i.e., S0, xg, ng, xf , and nf , are set to 62.38, 6.86, 1.06, 0.84 and 1.42, respectively.

Moreover, the Hao Hong coherence model is employed in the generation of underground

earthquake acceleration history. Under the earthquake underground excitation, the

numerical analyses for seismic responses of bridge and soil-bridge system are performed.

Corresponding material parameters are given in Figs. 19 and 20. For the bridge, elastic

modulus E1, material density q1, inertial moment I1 and cross sectional area A1 are

assigned to 2.06 9 1011 Pa, 7800 kg/m3, 0.83 m4 and 1 m2, respectively. The elastic

modulus (E2) and density (q2) of soft soil site are assigned 5 9 108Pa and 2500 kg/m3,

respectively. Moreover, the local in-plane stiffness matrix for beam elements, Ke, is

defined as

a b c
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−
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30
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Node 
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Fig. 19 Finite element model of bridge. Elastic modulus E1, material density q1, inertial moment I1 and
cross sectional area A1 are assigned to 2.06 9 1011 Pa, 7800 kg/m3, 0.83 m4 and 1 m2, respectively
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Fig. 20 Finite element model of soil-bridge system. Soil elastic modulus E2 and density q2 are assigned
5 9 108 Pa and 2500 kg/m3, respectively. Material parameters of bridge structure are given in Fig. 19
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Ke ¼

E1A1=L 0 0 0 0

12E1I1=L
3 6E1I1=L

2 �12E1I1=L
3 6E1I1=L

2

E1I1=L �6E1I1=L
2 E1I1=L

0 0

sym 12E1I1=L
3 �6E1I1=L

2

E1I1=L

2

6666664

3

7777775

where L represents the element length and other involved parameters are given in Fig. 19

(Fig. 21).

As shown in Table 2, the natural frequencies of the bridge and soil-bridge system

are calculated and compared with each other. It can be seen from Figs. 22 and 23 that

the energy distribution of earthquake motions, no matter ground or underground, is

mainly concentrated in the low frequency region ranging from 1 to 5 Hz. Therefore, the

high-order natural frequencies have little influence on the dynamic response of struc-

ture. In Table 2, the frequencies higher than 15 Hz are ignored and represented by

dashed lines (–). The natural frequencies of bridge are much higher than those of soil-

bridge system.

As illustrated in Fig. 21, the amplitude of the earthquake underground motion is

smaller than that of the earthquake ground motion. However, according to Fig. 24, the

absolute displacement of the soil-bridge system is larger than that of the bridge. It is
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known that both the amplitude and the frequency have a significant influence on the

dynamic response of structure. The natural frequencies of the bridge shown in Fig. 22

are quite high and poorly match the PSD curve. Conversely, the natural frequencies of

the soil-bridge system are much lower and match the PSD curve very well. Under the

influence of resonance effect, the peak displacement history of the soil-bridge system is

larger than that of the bridge, although the amplitude of the underground acceleration

history is smaller than that of the ground acceleration history. Furthermore, as illustrated

in Fig. 25, the shear force amplitude of the bridge is smaller than that of soil-bridge

system for the same reason. It is known that the difference in the support motions

increases the structural internal forces, and in this example the structural shear force is
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even higher under the underground excitation, which may has a significant influence in

engineering practice.

7 Concluding remarks

For the seismic analysis of long-span structural system with underground structure, it is

important and necessary to use multi-support earthquake underground motions as input

excitations. An attempt has been made to simulate multi-support earthquake underground

motions and the main works are summarized as follows:

1. An effective approach to simulate the multi-support earthquake underground motions

is proposed and the key factor of this approach (i.e. underground cross-correlation

function) is deduced. In this paper, the underground PSD and response spectrum are

firstly derived and the cross-correlation function between the underground motions at

positions with different horizontal and vertical coordinates is further presented.

Moreover, the physical meanings of the parameters in the theoretical deduction and

mathematical models are clarified.

2. A visual program to simulate the multi-support earthquake underground motions is

developed and verified, and the sensitivity analysis for the seismic response under

multi-support earthquake ground and underground motions is performed. Results

indicate that the simulation of multi-support earthquake underground motions is of

great significance for both theoretical study and engineering application.

3. In this paper, it is noted that the underground model such as underground PSD,

response spectrum and coherence model are derived using the transfer function of the

vertically propagating shear waves. Therefore, the important participation of more

complex waves should be further investigated.
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