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Seismic waves scattering especially waves SH by different topographies has been widely studied in the field of
earthquake engineering. However, most of these studies mainly focus on the topographies with the ideal
assumption (elastic, isotropic and homogeneous) of uniform medium or the first stratification type of canyon
(canyon that is not crossing by layer-interfaces). Compared with SH wave scattering, there exists a challenge to
derive the theoretical solution for the scattering of P or SV wave especially by relative complicated canyon with
non-uniform medium, which is defined as the second stratification type or type II here. The paper focuses on the
study on the two-dimensional scattering of plane P waves by a symmetrical V-shaped canyon embedded in a two-
layered elastic half-plane of type II. The challenge is to deal with three issues simultaneously, namely satisfaction
of boundary conditions in the vertical direction, more complex reflections and more coordinate system trans-
formations. Here more cylindrical coordinate systems and the skew coordinate transformation formulas need to
be defined and used so as to satisfy the boundary conditions along the canyon surface, in which coordinate
transformation and its solution process become more complex. The derived solution of symmetrical V-shaped
canyon is rigorous theoretically and reliable, and further demonstrate that it is affected directly by the second
layered type of symmetrical V-shaped canyon. Moreover, the effects of the layer medium, the incident fre-
quencies and incident angles on the ground motion also are investigated by the double-layer considering
nonhomogeneous cases. This study shows that inhomogeneous-material, frequencies of incident waves and the
existence of the canyon result in conspicuous even non-ignorable effect on variability of surface ground motions.

1. Introduction

It has been observed that the seismic spatial variability influenced
significantly the response of the large-span structures (e.g. crossing
canyon bridges dams in valley, subways, tunnels through mountain)
[1-6]. These structures are usually constructed on the sites of topo-
graphic irregularities. The site effect of local inhomogeneity and irreg-
ularity on variable seismic motions induced scattering of seismic waves
is one of the most topical issues in seismology and aseismic engineering.
Over the past decades, the scattering and diffraction of seismic waves by
irregular topography features have been intensively studies in the
community of earthquake engineering, and can be theoretically inves-
tigated by numerical and (or) analytical method. Generally, numerical
methods such as finite difference methods [7], finite element methods
[8]and boundary element methods [9-12] play a vital role in solving
practical complicated problems [13-17] and dealing with complex

boundary conditions [18-21]. However, there exists certain limitations
to tackle the valid solution of scattering induced seismic waves in the
broad frequency band with numerical method, and it also fails to reveal
the mechanism of seismic waves scattering in physics. Meanwhile, the
theoretical solutions can be used to verify accuracy of the analysis re-
sults by numerical methods as to the topographies presumed regular
geometries. Therefore, the development of theoretical solutions to the
regular canyon topographies is requisite from perspectives of both the-
ory and practice.

To derive the theoretical solutions of SH wave scattering by the
regular canyon topographies (the semi-circular canyon and the semi-
elliptic canyon), the method for expressing the wave functions was
introduced firstly by Trifunac [22,23]. Based on the work of Trifunac,
many scholars and researchers have made many achievements in the
field of study, and presented some theoretical solutions of plane SH
waves scattering by canyon surface for different cases as well, such as a
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symmetrical shallow V-shaped canyon [24], a symmetrical deep
V-shaped canyon [25], the symmetrical V-shaped canyon [26], the
non-symmetrical V-shaped canyon [27], the truncated semicircular
canyon [28], the U-shaped canyon [29], and the cylindrical canyon
[30-35]. Unlike the scattering process of SH wave, the physical process
of scattering of P or SV waves by the irregular canyon topographies are
more complex due to the existence of more reflected and transmitted
scattering waves (e.g. P and SV). The effect of relatively simple canyon
topographies (circular-arc layered alluvial valley, and multiple
circular-arc etc) on vertical plane waves scattering was studied by the
many scholars [36-38]. A proper form of stress-free wave function was
redefined by Lee and Liu to solve analytically the two-dimensional
scattering problems of plane P and SV waves around a semi-circular
canyon in an elastic half-plane [39]. In all, the research significance
has been realized by more scholars and many significant progresses have
been made over the past decades.

However, the past study is mainly focused on the seismic waves
scattering especially SH waves, and usually assumed the assumption of
uniform medium or the first stratification type which is defined as the
first stratification type or type I here. Compared with SH waves scat-
tering, there exists a challenge to derive the theoretical solution for P or
SV wave scattering especially by relative complicated canyon with non-
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uniform medium, which is defined as the second stratification type or
type II here. This paper focuses on study on the effect of the symmetrical
V-shaped canyon embedded in a two-layered elastic half-pane of type II
on the scattering of plane P waves. Compared with the symmetrical V-
shaped canyon embedded in a two-layered elastic half-plane of type I,
the challenge is to deal with three issues simultaneously. Firstly, the
boundary conditions along the canyon surface (especially layer-
interface) need to be satisfied. Secondly, along the surface layer-
interface crossing canyon, the transmitted waves and reflected waves
are produced than the unstratified site. Finally, more complicated co-
ordinate transformations (e.g. skew coordinate transformation) need to
be applied because of more scattering waves. Moreover, along the
canyon surface and layer-interface boundaries in the canyon of type II
(the specific difference is discussed and given in section 2.1), there are
more difficulties in dealing with the P and SV waves scattering problems.
In order to use the wave function expansion method, P or SV waves must
be expressed in the form of potential function. Furthermore, to satisfy
the zero-stress boundary conditions, the potential functions of both P
and SV waves need satisfy pairwise orthogonal at the half-plane. How-
ever, the potential functions of the scattered vertical plane waves by the
canyon surface cannot satisfy pairwise orthogonal at the half-plane as
they are defined in whatever O;, Oy or O coordinates systems (see
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(b) Layer-interface not crossing canyon (the first stratification type)

Fig. 1. Canyon topography model.
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Fig. 1). So, the result will lead to that the zero-stress boundary condi-
tions along the V-shaped canyon surface cannot be satisfied. Based on
above discussion, additional O3 and O4 coordinate systems need to be
defined to satisfy the zero-stress boundary conditions along the sym-
metrical V-shaped canyon surface, respectively. To illustrate the
research significance more clearly, the essential differences between the
type Il and I are given specifically in section 2.1. Therefore, in order to
satisfy zero-stress boundary conditions along canyon surface, more co-
ordinate systems need to be established and which results more
complicated solution procedure. Based on the solution derived, the ef-
fects of the layer medium, the incident frequencies and incident angles
on the ground motion are further investigated. Results show that the
ideal assumption of uniform medium should be adopted carefully.

2. Model and theoretical formulation

The model of the canyon with two layers (Layer-V and Layer-S)
subjected by the harmonic incident P waves is shown in Fig. 1(a). The
medium of both layers is assumed to be elastic, isotropic and homoge-
neous. The material properties of each layer are determined on the Lame
coefficients Ay, As, iy, Jis and mass density py, ps, where the subscripts v, s
denote Layer-V and Layer-S, respectively. The wave velocities of the P
and SV waves in each layer are denoted o, Py, and as, s respectively. A
plane global Cartesian co-ordinate system xoy and four proper local co-
ordinate systems Xx;0y; are located at proper corresponding position (see
Fig. 1(a)) to facilitating solution later, where i = 1,2,3,4 and the angle 6;
is measured from the vertical y;-axis counterclockwise towards the x;-
axis with a positive direction to the right. An auxiliary circular arc
boundary is established with the center O; and the radius a to solve the
unknown coefficient which will divide whole area to be solved into two
regions including open region and enclosed region. Detailed de-
scriptions of various reflected waves and scattered waves are given in
section 2.2 and section 2.3 later in this paper.

The harmonic P wave propagates with circular frequency o and
incident angle ig, its potential function is denoted in global rectangular
coordinate system by

DD (x, y) = explikyy(x sin iy — y cos iy)] 1)

in which i is the imaginary unit, kg, = /0 is the wave number of the
longitudinal P wave in the half-plane, and the time factor exp(-iot) is
omitted.

2.1. Essential difference between type I and II

The difference between the two stratification types of V-shaped
canyon excited by incident P or SV waves is discussed and given from
perspective of physics and mathematics.

(1) As for the aspect of physical phenomenon

Compared with the type I shown in Fig. 1(b), more scattering waves
are produced on the V-shaped canyon boundaries due to the existence of
inhomogeneous-material that coming with the layer-interface crossing
the canyon boundaries, which directly lead to more complex solution
process.

(2) From perspective of mathematical expression
More scattering waves will lead to the increasement of the number of

unknown coefficients (equation coefficients), which will logically result
in more complex solutions. Specifically, on the one hand, it is necessary
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to simultaneously meet the two levels of zero stress conditions instead of
single level at the canyon boundaries, which leads to more complex
computing processes (more equations need to be solved) beyond all
doubt. On the other hand, more coordinate transformations and equa-
tions need to be done and solved to satisfy the displacement continuous
conditions on the layer-interface. Moreover, the potential risk of matrix
singularity will be greatly increased due to the inversion of higher
dimensional matrix coming from more coordinate transformations and
equation coefficients to solve, which increases the probability of solu-
tion difficulty in theory.

In all, the complexity and difficulty of solving the theoretical solution
for the second stratification type is increased respectively. The solutions
of scattering wave field are showed in section 2.3.

2.2. Free wave field

The reflected and the transmitted P and SV waves are generated at
the free-surface and at the layered interface of the half-plane if there is
no canyon case (see Fig. 2). The wave potential functions of the P and SV
waves can be denoted in terms of the global Cartesian co-ordinate sys-
tem as follows

<I>(")(x,y) =ks1 expliky (x sin iy + (y — d)cos iz)] (2)
PO (x, y) = ks2 explik (x sin i + (y — d)cos iy)] 3)
¢>(’)(x,y) =1 explikye(xsinty — (y—d)cos t;)] 4
w0 (x,y) = 1, explik,s (x sin 1, — (y—d)cos 1,)] 5)
(IB(VQ (x,y) =kp1ut1 explik,q(x sin 2, +y cos #;)] 6)
&”f,;) (x,y) = kyaut1 exp [ikys (x sin iy, +y cos i) | )
¢>£,:) (2, ) =ks1vt2 €xplikye(x sin iys +y €OS iyy)] 8)
‘I’f,;) (x,y) =kovtr explik,p(x sin t;, +y cos ;)] 9

where ksg = 0/p;s is the wave number of the shear SV waves in the half-
plane, kyy = /0y and kyg = /Py are the numbers of the P wave and the
SV waves in the layer-V, respectively. kq1, ks, t1, t2, Kp1v, Kpav, Ksiv, Ksay
are separately reflection and transmittance coefficients, which are
showed in the appendix-Al.

Different reflected P and SV waves are generated as a result of
variation in ration of incident angle iq to critical angle 6., = sin’l((xs/ Bs)
in the case of the P waves incident topography. In order to simplify the
analysis, this paper only consider ig<r.

For convenience, Egs. (1)-(9) are transformed into coordinate sys-
tem ri-61:

DD (r,,0,) =exp| — ikyry cos(0) +ig) — idsksy cOS iy] (10)
¢(’)(r1,€]) =ky1 expliksar1 cos(0) — ig) + idakyq €OS i4) an
‘I’(’)(rl,ﬂ]) = kg explikyry cos(0y — i) + idakys oS 4] (12)
¢>(’)(r1 ,01) =1, exp| — ikyqr1 cos(0; +14) — idykyq COS 14] 13)
tI)(')(rl ,01) =1, exp| — iksry cos(0; +1t,) — idyk,p cOs 1] 14)
115(v;)(r1 ,01) = kyi,ty explikary €os(0; — tg) + idakyy cOS 1) (15)
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Fig. 2. The free wave field diagram.
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dyk,q COS 14]

kovty explik,pri cos(6) — t;) + idakys cos 1)

(13)-(15) and (14)-(16) and

expanding them into Fourier-Bessel series:

exp( L ikr cos 0) = Z &,( £1)"J,(kr)cos nf
n=0

and
<I><‘” Zlm ksal1) Ao_,,, cos m; + By, sin m01)
m=0
Y’E:)(rl ,01)= ZJ,,, (kxﬁrl)(Coym sin m@, + Dy, cos mH)l
m=0
@ (r1,01) = > Ju(kart) (A1 cOs mO) + By, sin mo),)

m=0

o,

v1

(16)

17)

(18)
then

19)

(20)

(21)

(22)

y/(‘“)(rl s 01) = Z J,n(k‘,ﬂrl)(Cl_m sin m01 +D1,m COoS m91)

m=0

(23)

Where Ag m-D1,m are showed in the appendix-Al.

2.3. Scattering wave field

In this study, the horizontal ground surface, the horizontal layer-
interface and canyon boundary are approximated by the almost-flat
circular boundaries with large radius R (R»a). The research shows that
the error can be controlled within the effective range while the radius R
is large enough such as R = 100a [36].

The scattered P and SV waves generated by V-shaped canyon, the
horizontal ground surface and the layer-interface boundary in Layer-S
can be expressed as follows, respectively. In the open region, there are
scattered P wave ®g)(ro, 02) and SV wave Wg(ra, 62) generated by the
circular boundary of large radius approximating layer-interface
boundary, and scattered P wave ®4y(r1, 01), ®s2(r1, 61) and SV waves
Wso(r1, 01), Psa(r1, 01), generated by the canyon surface boundary in the
Layer-S; scattered P waves @y (12, 02), @yo(r1, 61), Pya(ri, 61), Pys(ra, 02)
and SV waves Wy (ra, 02), Wyo(r1, 01), Pya(ry, 01), Pys(ro, 62) generated
by circular boundary of large radius approximating the ground surface

Layer-V
Qsl
Layer-S
o
id

56 R s
| s4 \

(2)55/: ¥ ! ‘\(‘D )
! S

enclosed region

Auxiliary circular
Boundary

Fig. 3. The scattering wave field diagram.
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boundary in the Layer-V. In the enclosed region, there are scattered P
waves Dgq1(r3, 03), Psqr(rs, 04) and SV waves Wyq1(r3, 03), Psar(rs, 04)
generated by the canyon surface boundary, and scattered P wave ®g(ra,
02) and SV wave W(ro, 02) generated by the circular boundary of large
radius approximating layer-interface boundary in the Layer-S; scattered
P waves @41 (13, 03), Py4r(rs, 04) and SV wavesWyqr(r3, 03), Pyar(r4, 04)
generated by the canyon surface boundary, and scattered wave ®y;(rz,
02) and scattered SV wave Wq(r1, 61) generated by the circular boundary
of large radius approximating layer-interface boundary in the Layer-V
(see Fig. 3).

Therefore, the wave potential functions in each region can be written
as, these waves can be expressed as Fourier-Bessel series (see appendix-
Q).
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the auxiliary arc boundary:

o(c)

v(0)
Lo =T

(n=a,-86 <6, <-0,,0, <6, <6)
T;é) 7Tr§7)7(rl =a,—0, <6, <o)
Tff ) _Trﬁ)v(rl =a,—6 <6, <—0,,0, <0, <6)
fiE") :Tiw’(”l =a,—0; <60, < 0)
”tr}(ﬂ) = u:([)v(rl =a,—6; <6, <—0,,0, <6, Sél)

(26)

Layer-S: ®si(r2, 02), Wsi(r2, 02), Oso(r1, 01), Pso(r1, 01), Dsa(r1, 01), Wsa(11, 01)

open region

L: ®vi(r2, 02), Yyi(rz2, 02), Dvo(r, 01), Pvo(ri, 01), Dvs(r1, 01), Pvs(ri, 01)

Layer-V

R: ®yi(r2, 02), Pvi(r2, 02), Dva(11, 01), Pya(r1, 01), Dvs(r2, 02), Pvs(r2, 02)

Layer-S: ®s41(r3, 03), Wsar(r3, 03), Osar(r4, 04), Wsar(ra, 04), Oso(r2, 02), Pso(r2, 62)

enclosed region

L: ®var(rs, 03), Yyar(r3, 03), Ovi(rz, 02), Py1(r2, 02)
Layer-V |j

R: ®yar(ra, 04), Pvar(rs, 04), Dvr(r2, 62), Pvi(r2, 62)

2.4. Satisfaction of boundary conditions

The waves must satisfy the traction-free boundary condition at the
ground surface and the canyon surface. Meanwhile, the waves must also
satisfy both the continuity conditions of the displacement and stress-

The displacements and stresses of a plane strain problem for incident
P wave can be expressed as [27].

(1) Open region:

field at the layer-interface and the auxiliary arc circular, respectively. Applying the boundary condition 74 = T:féc) =0,(rs =R + H), we
The boundary conditions of each region can be expressed as follow have

Open region:
2O 9 0 (1 = R 4 B) AL, +AG, | {XAll,, XAlZn} Az | Al Al

o0 XC11, XcC12, (2) -

r( T:,U)y Tté()) s(()) (r _ R) (24) CL] n + CtO CvS.n Cvl n + C\Z n
ut(o) — ur( )7 Mg( 0) _ u(:g(O) (rz _ R) (27a)
Enclosed region: B}, + By, - [XBII,, XBlZ,,} BY, _ Bun +B3,

~ |XxD11, XDI12, @

T%L) — Tf((f) =0,(r; =Ry, —83 < 0 <0) Dll n +D»o D5, Dvl n +D\2n

0 =75 =0,y = Ry, 0 < 0y < 83) 25 @27b)
2l =1y =0,(r = R3,0< 05 < &) Where

fr(f) = Tit(gv) =0,(r; =R;,0 < 05 < 63)

) 3)_
XAll, = [E (mR+WE" (n,R+h) — E% *(n,R + h)E) (n,R+h)]/( — 7Zn
( (1 (3)

XA12, = [E22 (L R+ W)E (mR+h) —Es " (n,R+h)ESs (n.R+ h)]/( — 7Zn

XClt, = [=Bf R+ WES (1 R+1) =B (R +WES (0. R+1)] /(~7n (282)
(1) (3 , 3 _
XC12, = [— ES R+ WES (mR+h) —ES " (n, R+ h)E) (n,R+h)]/( —Zn
K0 Nl Q) ) _

Z=Ef R+ WES (1R +H) — B (1, R+ BES (1R +h)
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0 o
XB1, = [EZ; (R +WES (nR+h) —ES *(n,R+ h)ES (n,R+h)}/( — Wn
0 o)
XB12, = [E mR+ES (R+h) —ES  (n.R+h)ES (n, R+h)}/( — Wn
3)
XD11, [ ES R+ WES (n,R+h) —ES  (n,R+ hE ';7(n,R+h)}/(an (28b)
(3
XD12, = [ ES R+ WE) (n,R+h) —Ej3 *(n,R + hE "“(n,R+h)}/( —Wn
0 NO
W=Ej (R +RE (n,R+h) ~Els (1, R+ h)E] ~(n,R+h)
Where E/* (n, r)I (n r) are showed in Appendix-D.
o X-
U. y .. v(0) 5(0) . v(0) 5(0) len + Bs2n + Bx()n + BU-" _ |:EFBBl,, EFBDln -
Applying the boundary conditions u;'” =u;”,u,” = u,”,(r, =R), D(\%n n Dgn n Dwn + Dy, EFBB2, EFBD2,
we have:
AR, +al, +an | {WAIS,, wcmn} A, {RBMH RDnn}’1 {Bl,n } (31b)
ch+C,+o, [ WA W2 [ ) RB12, RD12,| \Di,
Substituting Eq (28) into Eq (30), the unknown coefficients EFAA1,,
val, vact,] [ AL A%, + A%, + Ao, 8 b e im0 Ba (50 "
+ ” s (29a) RA11, can be obtained.
VAAZ, VACZ, C.\],n + C\(Z.n + Cio, + Con
(2) Enclosed region
2
By, + B, +Bu, WB13, WD13,] ) Bisa . s . .
b 4p@ } {WB23,, WD23J Do ApPlylng the boundary conditions (35), the following equations can
vin v+ vSn be derived:
BY, + B, +BY), + By, 3 3
+ Nggé “ﬁggé } it Bz + B + o (29b) AT [xann, xai, 1) Al B
DY, + DY), + Dy, ), XCll, XC12[) ¢® () p®,
Where unknown coefficients WA13,, VAA1, can be easily determined XBl11, XB121 B! 4 [
by referring to Eq (28). = {XD] 1 XD12, (32a)
Applying the boundary conditions 7” = 7", 2% = ) (r, = R),
the following equation is established:
ag | [XAIl, XA12 AZ | ) B,
AT+ A + A | [YAU,, YAlzn} A%, c Xcll XC12 c | %,
C\l n + C‘On + C rel ln YClz” Cf?n (4)
_ {XB[I, XBIZ Bm (32b)
n {YASln YAS2n] A, +AD, + A, + Ao 308 XD11, XD12
py [YCSL, YCS2, 1) D)+ )+ 8, + Con
Al {xsm 1, xsmz,} A | ) BY
BY, + B3, +Bu. | [ YB11, YBlz,,] BY, c® XSCH, XSC12 | ) | | DY)
- 2
D»l at DVOn + Dy, YD1, YDI12, DE‘S?n BY
_ {XSBII; XSBIZ,} Py (33a)
2 [YBSI,, YBS2, } ﬁ?n + B3, + B, + By, (30b) XSD11, - XSD12i ]| p),
u, | YDS1, YDS2, D +D\2 : +D\Un + Dy,
From Eq (28), we can know unknown coefficients YA11,, YAS1,,.
From Egs (27), (29) and (31), the following equations can be ob-
tained:
AL +ALL+AG, +A0, | [EFAAL, EFACln] - {RA]ln chn] ’I{AM } (31a)
c® +¢2 +c? 1, EFAA2, EFAC2,| |RA12, RC12,| \Ci,
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A, _ {XSAI], XSAIZ,} A | ) BE

¥ XSC11, XSC12.]) ¢, (] b,

B(4)

_ [xsB11, xsB12, 7} Bu (33b)
~ | XSD11, XSD12, || p@
4,1

Unknown coefficients XA11;, XB11,, XSA11l; and XSB11, can be

easily determined by referring to Eqs (28) and (30).

(3) The auxiliary arc boundary

Applying the boundary conditions 7, =74 2 = 2% (r; =a, —

o ro

81 b, < — 01,01 <01 <61), the following equations can be derived:

At Ay A, + AL | [WAllm WCllm} AL {WAIZm Wcu,,,} Al
C\(:)m + CE*]Z?m + Cl(’;?m + Clv'" WA2lm WCZlm C£']7)m WAzzm WC22m C\(vélll;z
 [wal, wei, ] A, wal2, Wwci2,] ) AL (34)
= | waz2, weat, |\ oo WA22, WC22, |\ o
vi,m vd.m
B+ B+ B+ B | [WBII,,, WD11W] Bl {szm szm} B,
DY+ D3y + Dig,y + i WB2l, WD2L.J | D, WB22, WD22u 1 | DI,
_ [wall, wpil,] ) B | [wa12, wp12, Bl 34b)
= |wa21, w21, | po WB22, WD22, | p®
vim vd,m
Where unknow coefficients WA11,,, WB11,, can be easily determined by
referring to Egs (28) and (30).
Applying the boundary conditions 1}” = /@ u* = u} (r =aq,
— 81 <61 < — 01,01 <01 <61), the following equations can be derived:
A+ AL AL, + AL | {VAI 1, vel 1m} Ay {VAIZW vc12m} Al
c Ll e Ly, vaz1, veal, ]| ¢ va22, V€22, ]| v
' ' ' ) ' (35a)
[vai, v, [ Al val2, vciz,1 [ AL
= lva2, vear, ]\ oo VA22, VC22, ) U
vi,m vdm
Byl B+ B+ B | {wmm VDllm} B, . {VBIZ,,, szm} B
Dy, + D, + D3, + Diy VB2, VD2 I | D3, VB2, VD221 | D,
; S (35b)
BUR

_[VBllm vnnm} By {vmzm vmzm} on

VB21, VD21, | p® VB22, VD22,]|| pi®

vd,m
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(0) s(c)

Applying the boundary conditions 1, = u}“ ,u} =a, —
Combining Egs. (33)-(35))-(36) and the appropriate coordinate 01 < 01 < 1), the following equations can be derived:
transformation, the following equations can be derived:
[XHRAln XHRCln} FL} (kaD12)As
i T?Lv \41 = XHRA2, XHRC2,] (F1,,(kyDi2)Cl, (362)
= 36a
=l el = {WHAI,,,+WA12,,, WHCl,,,+WC12m} [ F1,, (kaD12)A,
WHA?2,, + WA22,, WHC2,,+W(C22, F1, (ksD12)Ci,
{XHRBI,, XHRDl,,} F1,,(kD12)B1,
i T;lL ‘“ i XHRB2, XHRD2,] | F1}, (k,sDi2)Di, (36b)
’ = ' 36
= | YDl | = {WHBlm + WB12,, WHDI,, + WDI12,, } U FL,,(keD12)Bi,
WHB2,, + WB22,, WHD?2,, + WD22,, F1 (kyDp)Di
{XHRAI,, XHRCI,,} F17, (kaDi2)A1,
i Tfl,R‘/(})A‘(Z?z zoo: XHRA2, XHRC2,| | F1,, (kyD,)Ci, 72
- a
= | vl | = +{WHA1m 1+ WAI2, WHC1, + WCl12, } kmDu)Aln
WHA2,, + WA22,, WHC2,, + WC22,, 1 (kyyD12)Cr
XHRB1, XHRD1,1 [ Fl,,(kaD12)Bi,
s [ 75980 » | |XHRB2, XHRD2,|\ F1} (ksD:,)Dy.,
PR IS DD (37b)
=\ Vol | = +{WHBI,,, +WB12, WHD1,, + szm} F1,,(kuD12)Bi
WHB2,, + WB22,, WHD2,, + WD22, F1} (kyyD12)D,
. . - AD A+ Al A, )
Through the coordinate transformation, and substituting Egs. (37) om ‘(‘1)”’ + ‘(zl:’ Ao {02;"’ GC;}'”} ‘g”’
and (38) into Eq. (33), the following efficients can be obtained. CsOm Coim T+ Cop + Com GA2L,, GC2L,, C:6>m
3 3 3 3 ar)
AE’7?I B\(ﬂ?l AE’7?r B\('7>,r {gﬁ;g’” gg;;”’} A‘ﬂ'"; (39a)
3 3 3 3 m m (L
C‘(ﬂ?/ D£7?1 C\(ﬂ?r D£v7?r Coam
i iti s0) _ 50 (o) — gs(0) —
e ot e 7% oot e, oo (52
, the following equations can be derived: =
e 8ed Dl + DA+ D, + Doy | LGBl GD2Ln [
A +AD), + Ao All 11,1 A,
b T RO A BAZI”’ ;gﬂm} o GB12, GD12,] | Bus (a9b)
Cit + Cia + Com ” " Com GB22, GD22,]) p(iv
sA12, sc12,]) AL
SA22, §C22, | o) (38a) Where unknown coefficients GA11y,, GA12;, can be easily determined
s4,m by referring to Eqs (28) and (30).
Through the coordinate transformation, the following equations can
By, +BY, +Bon | [331 1, SD11, ] By, be derived:
D:].m + Dsz,m + DO.m SBZlm SDZlm D.Eé?m
SB12, SD12,7) Bin (38b)
SB22, SD22,]) plv

Where SA11y,, SA12;, can be easily obtained according to Eqs (28) and
(30).
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Fig. 4. The convergence of series solution with the truncation number N, of terms.
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Where UAly,, UBl, can be easily obtained by coefficients derived
above. Next, the surface displacements can be calculated by the
following expressions:

Forr, =R + H:

(19 (0, R+H) 139 (n,R+H)| (BE, <sinn02>
cosnd,

2)

sinnd,

(41)
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“RtH
ug(r2,0>) =01 peW= (0, R+H) 13" (n,R+H) c? +c? +c,
e [HOReH) 10 (R +H)] (A cosn92>
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Fig. 5. Difference of displacement amplitudes between Non-layered case and Double-layered case (n = 0.5).
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Fig. 7. Difference of displacement amplitudes between Non-layered case and Double-layered case (n = 2.0).
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3. Numerical analysis

Numerical analysis is further conducted on the amplification pat-
terns of layered V-shaped canyon of the second stratification type with
different parameters. The series solutions of wave functions are applied
in this study. More specifically, this study focuses on the study on the
behaviors of displacement amplitudes between layered V-shaped
canyon of the second stratification type model and non-layered model,

(a) The dlagram of this paper
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and the effect of symmetrical V-shaped canyon with the second strati-
fication type on displacement amplifications.

3.1. Convergence and accuracy of serious solution

Numerical analysis can be used to simulate the topography condi-
tions. The accuracy and convergence are necessary precondition for
adopting numerical solution to analyze one model. Consequently, the
infinite series of the unknown coefficient solutions need to be truncated
for numerical analysis. In this manuscript, we can find that the accuracy
and convergence of the results can be influenced by some certain pa-
rameters physically or mathematically. The key parameters controlling
the accuracy and convergence of the series solution are briefly discussed
as follow.

Firstly, the wave velocity contrast (f,/f;) between upper-layer
(layer-V) and lower-layer (layer-S) is a key factor controlling the accu-
racy and convergence of the results. By comparing different f,/f;, we
can find that the requirement of convergence becomes more severe with
enlargement of the wave velocity contrast. In the numerical example of
this section, the wave velocity contrast (f,/8; = 2710/2881) is set as
0.94. Furthermore, it is well known that the seismic wave velocity de-
pends on the physical properties of soil medium. In other words, the
greater difference in physical properties between layer-V and layer-S can
lead to more difficult controlling the convergence and the accuracy.
That is because greater difference in physical properties will causes
easier the singularity of coefficients matrix mathematically, which is
main reason causing the unstable series solution.

Secondly, the incidence frequency of the elastic wave plays a decisive
role in controlling the accuracy of the proposed computational scheme
as well. Generally, the higher incident frequency 7, the larger the trun-
cation number needed for convergence. Supposing the series is trun-
cated by the finite number of N. Fig. 4 presents the variation of error
with the truncation number N, where Fig. 4 (a) is for the incident fre-
quency # = 0.5 and Fig. 4 (b) for n = 2.0. As to n = 0.5, when the
truncation number N > 17, the error is in within the range of accuracy,
the convergence number N, for the incident frequency of 0.5 is 17; while
for n = 2.0, which is higher incident frequency, the convergence number
N, is 30.

3.2. The numerical example

The displacement u at any point of the half-plane with the canyon
can be calculated based on the given solution.

The displacements components computed here in cylindrical co-
ordinates are related to the wave potentials by the following equations:

o op 1oy
Radial: u, = o + ~%0 (46a)
Table 1
The material parameters.
Material parameters p (kg/m*) p (Mpa) A (Mpa) v
Layer-V 2450 18 18 0.25
Layer-S 2650 22 22 0.25
/// /i/)/,//// s o, ,////

(b) The dlagram of Ref. [40]

Fig. 10. The comparison between this paper and Ref. [40].
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Fig. 11. The displacement amplitudes compared with those of Ref. [40] for n = 1.0.
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Fig. 12. The displacement amplitudes compared with those of Ref. [40] for n = 4.0.

1
Angular: uy =~ — — —— (46b)
r

Eq. (103) can also be transformed to rectangular components uy, uy
by

u,\ _|cos@ —sinf|(u,
(u}.)f{sinﬁ cos 6 :|<Mg) “7

Table 2
Expressions of displacement in Ref. [40].

As before, the displacements amplitudes are given as:

(48)

{ Jue| = \/Real(ux)2 + Imag(u,)*
|u)‘{ = \/Real(t,ty)2 + Imag(uy)2
where Real(.) and Imag(.) denote the real and imaginary part of the

complex argument. Using the notation of Trifunac [27], the following
dimensionless frequency 1 is defined, as the ratio of the canyon width to

Expressions of displacement reflection and projection coefficients on the layer-interface

Coefficients Formulas
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Expressions of displacement reflection coefficients on the surface
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the incident wavelength:

2a,
j’S‘ﬁ

kypa,

wa 2fa,

”ﬁS

(49

ﬂx z

where the parameters ao, w, f; are defined as before; f = w/2x is the
cyclic frequency in Hz and A is the wavelength of the shear wave in the
half-plane. In the following calculation, Poisson ratios for medium of
layer-V and Layer-S are taken as 0.25, i.e., o = 1.732p for the two media.

In the calculation, the radius (R, R3 and Ry4) of the big circular arc
that respectively simulates the flat ground and canyon surface are taken
a reasonable large value (e.g.100a, 50a, 20a etc), which aim to achieve
simultaneously the computational convergence, stability and efficiency.
We assume the half-width of the canyon, b, is half of the surface length
an of the canyon q, i.e. a = 2b, the ratio of the depth h to the half-width b
of the canyon is 1.732. The depth h of the canyon is a nonnegative
number, and the half-width b and the depth h are set to be 250 m and
433 m, respectively, i.e. b = 250 m, h = 433 m. The thickness of layer V,
H, is taken as half of the canyon depth for the convenience, i.e. H=h/2
= 216.5 m (The assumption is only used for the following numerical
example, and the H in the theoretical solution above in section 2.3 is
arbitrary). The shear moduli y, and y of Layer-V and Layer-S are set to
be 18Mpa and 22Mpa, respectively, i.e. i, = 18Mpa, ps = 22Mpa.

Fig. 5 to Fig. 7 show the displacement amplitudes of the V-shaped
canyon with non-layered (u, = ps = 22Mpa) and double-layered (py, =
18Mpa, ps = 22Mpa) for incident P wave with low (n = 0.5), medium (n
= 1.0) and high (n = 2.0) frequencies, at three different incident angles
0, ©/12 and n/6 to study the effect of inhomogeneous medium on the
scattering of P wave incident V-shaped canyon.

From Fig. 5, we can find that under double-layered case, the x-
component displacement amplitudes on the ground almost are larger
than that of the homogeneous medium at low frequency, especially the
ground of canyon (|x/b|<1.0). It indicates that inhomogeneous medium
has magnified effect on response of scattering of P wave. Furthermore,
higher y-component displacement amplitudes and more intensive fluc-
tuation on the ground of canyon (|x/b|<1.0) than one on the flat ground
(Jx/b|>1.0) illustrate further that layered effect has exert influence upon
response of ground displacements on the canyon. In contrast to the y-
component displacement amplitudes, the x-component counterparts are
smaller at the ground of canyon than the horizontal ground surface, and
the minimum value are located at near the canyon bottom (|x/b| = 0).
Fig. 6 shows that at medium frequency, the trend of fluctuation of both
the x- and y-component displacement amplitudes are relatively more
intensive at the ground of canyon than those at the horizontal ground
surface. Meanwhile, we can know from the results that both the
maximum and the minimum values of x-component displacement am-
plitudes appear on the ground surface of the canyon (-1.0< x/b < 0),
and the y-component displacement amplitudes on the ground of canyon
almost are higher than that of the non-layered medium. These provide
further evidence that layered effect will emerge greater affection on the
properties of ground motion due to existence of canyon. Fig. 7 shows the
case of high frequency, both the x- and y-component displacement
amplitudes are the highest for ether double-layered sequence or non-
layered sequence, and the surface displacements at double-layered
model fluctuate greater comparing with those at the non-layered
model. Moreover, both the x- and y-component displacement ampli-
tudes present more significant difference between non-layered model
and homogeneous medium at high frequency. The above-mentioned
results prove that the layered effect on scattering of incident waves
cannot be neglected as researching the properties of ground motion.
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Therefore, it may not be appropriate to analyze surface displacements of
double-layered V-shaped canyon by non-layered model. In addition, the
study on the double-layered model is necessary for earthquake simula-
tion and seismic risk assessment.

Fig. 8 gives the variations of the displacement amplitudes on the
ground surface for the incident frequencies of 0.5, 1.0 and 2.0 under the
incident angle is 0, pi/12, pi/6. We can see from the results that both the
horizontal and vertical ground surface displacement amplitudes show
greater fluctuation and increase gradually with the increase of fre-
quency. In addition, the displacement amplitudes on the plat ground
surface become more intensive as increasing incident 5. Therefore,
compared with low incident frequency, incident wave with the high
frequency potentially results in enlargement of the displacement am-
plitudes on the ground surface and more intensive ground motion under
the large incident angle.

Fig. 9 depicts comparisons of displacement amplitudes on the ground
surface between the case of no case canyon effect and the case with
canyon effect. As is shown in Fig. 9, more significant difference of both
x- and y-component displacement amplitudes on the ground surface are
presented between the case of no canyon effect and the case with canyon
effect as increase of incident frequency under the incident angle is 0.
Moreover, the displacement amplitudes with canyon effect show more
intensive fluctuation than the case of no canyon, especially at high
incident frequency (n = 2.0). Furthermore, the displacement amplitudes
are symmetric with respect to the vertical axis, x = 0, when the P wave is
incident vertically. The results indicates that considering the effect on
the case with canyon on scattering of P wave, especially at high incident
1, is requisite as researching ground motion.

4. Accuracy verification
4.1. Reduced verification (from pure theoretical point of view)

The distinction between the stratified media and the non-stratified
media is that the physical parameters of two layers of media are
different. We assume that Lame coefficients of two layers 4, = 4, = 4, y,,
= pus = p and mass density p, = ps = p, respectively. Therefore, the so-
lution of the stratified case would reduce to that of the non-stratified
case.

So, the following equations can be obtained:

2, 2
o —a, = ’H_”’ a—a = [T (50)
p p
[0) w @ @
km:—:—:kxm kv :7:7:](.& 1
aV af ’ ﬁl' /}S ’ (5 )

Based on Egs. (50) and (51), the following expressions can respec-
tively be given.

vy (1) vo (1) 551 501
Ef (mR) Ep +(”~,R) _ EY (n,R)  EY +(”7R) (52a)
vy — v 1) s — vs()
Ey ~(n,R) Eyj (n,R) B "(n,R) Ey (n.R)
1" (m,R) 13" (n,R) 5" (n,R) Iy (n,R)
11 ) 12 ) 1\ 12 ) (52b)

voD— o) oM ps(1)
Ly " (n,R) Lj (n,R) Ly ~(n,R) Iy (n,R)

Combining Eq. (29)-(31) and (53) it yields
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vo D) v,V ) (2) ) 2 )
ou | B (mR) ES (0 R) Ay Ay + AL Ay +AG), +AG), + Ao, <COS n62>
? - sin n0,
LB (nR) E3’(n.R) C, +C5, 4+ Ca C+ €3, + €S+ Con
i: EZ (R E3" (R | AR, <cos m92>
TLES (nR) ES"(nR) || C3, | ‘sinno:
_ {O}Zﬂ‘ i ER(nR)  Ej*(n.R) By, + B, + B, | | BI, 4B, +BG, + B, <cos n92>
O R = | "R B3 (n,R) DY), + DY, + Dy, DY, + D8, + DY), + Dy, [ ) \sinnd
o v, (@) v @ 4 (2)
2u, Z E}" (n,R) El% *(n,R) A, <cos n02> {O} s30)
ra L@ . p =191n
R =S e Rr) B3 (nR) || €5, [ ‘sinnol 10
i l;’] ) IIVE(UJF (I’l, R) Afle)n + AE(Z))A + A, Ag)n + Ag?n + Agg)n +Aon <COS n02>
=B R s (n,R) i+ Cd + Cu R, + €3, + €, + Cop | | Vsinns
© v(,(“ v, (@) (2)
+Z Iy 15 " (n,R) Afn <COS ”92> (53b)
5" (n R) By (n.R) || €3, | ‘sinnt
) i 12" (n,R) 1;-50 *(n,R) B? +BY 1B, BY +BY 4 Bﬁ?ﬂ + By, <sin n92>
"R 15" nR) DY), + D), + Dy, D2 +D2 +D? 4Dy, | ) \cosnb:
+531ﬁ%mR) " (n,R)] | B, #mn@> .
S ory om0 [ sl - {0

Considering the orthogonality of the trigonometric functions, Eq.
(53) result in

AR, + AL, + AL, AD, +AD, + A0, + A,

- (54a)
Cb+ G+ C C+ €3+ Cl + Con
By, +B3, + B, || BY, +BY, +BY, + B, (54b)
D»ln+Dv0n+D1ﬂ Dsln+Dx2n+Dx0n+D0’l
A%, 0
C(? = { 0 } (55a)
(2)
B, 0
b (= { 0 } (55b)
From Eq. (54), we have
b=doy, =V, (56)

It indicates that the wave functions in Layer-V and Layer-S are equal
to each other, which fully satisfies the situation of the non-stratified
case.

4.2. Verification (by numerical approach and comparison)

In order to verify the accuracy of the theoretical approach in this
paper, the other is the method by numerical approach and comparing
with classical example results, the aim of which is to further verify that
whether the calculation results of with canyon are consistent with those
of without canyon [40] while width and depth of the canyon are
assumed to be zero (h = 2b = 0). It noted that the distinction between the
canyon media and without canyon media is that whether width and
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depth of the canyon are zero. So, to compare with the accuracy of the
solution above, we assume that width and depth of the canyon are zero.
Therefore, the solution of the canyon case would reduce to that of
without canyon case. The comparison diagram between this paper and
Ref. [40] is showed in Fig. 10.

To obtain the numerical results using the method and our coded
program, and further compared them with those in Ref. [40]; the ma-
terial (4, p, u) and geometric materials need to be kept consistently.
Here, the required material parameters are given below (see Table 1).

The x-displacements and y-displacements are calculated and
compared with those of Ref. [40] for the case of dimensionless frequency
n = 1.0 and n = 4.0 while incidence angle iy = 0 in this paper. The
comparison results are given in Fig. 11 and Fig. 12. It can be seen from
the figures following that the calculation results are generally consistent
with those of Ref. [40]. However, it can also be found that there exist the
relative differences, especially while the value of x/a is in the range of
[-0.5, 0.5] in Fig. 11(b), and in the range of [-1.5, —0.5] and [0.5, 1.5] in
Fig. 12(a), respectively (see Table 1). The adoption of the large-arc
method may be the reasons why to lead to the differences. As a result,
it illustrates the precision of the proposed theoretical solution in this
paper is satisfactory. The formulas used in Ref. [40] are listed in the
following table (Table 2).

Where a, f represent the velocity of P and SV wave, respectively, p
and 7 are sin (i)/a and (1/(a?)-p?)12.

5. Concluding remarks

(1) The theoretical solution is derived and verified for scattering
problem of P waves incidence on V-shaped canyon of the second
stratification type (type II). The challenge to conduct the study is
that to deal with the boundary conditions in vertical direction on
canyon surface and layer-interface crossing canyon of type II,
which logically leads to more coordinate system transformations
and more complex solution process due to the unknown
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coefficients need to be converted between the more different
coordinates. Moreover, the ground motion displacement is dis-
cussed base on the derived theoretical solution, and the influence
of the effect of layered canyon of type II on scattering is discussed
as well for different frequencies and incident angles.

The influence of the scattering of P waves on the ground motion is
compared between the non-layered and double-layered model in
here. The results demonstrate that the double-layer effect have
significant influence on both the x- and y-component displace-
ments amplitudes of ground surface, and it causes relatively
greater vibration for surface displacement comparing with non-
layered model. In addition, considering the influence of the fre-
quencies of incident waves on the amplitudes of surface dis-
placements, the surface displacements present larger amplitudes
and fluctuations relatively with the increase of incident wave
frequencies. Finally, the effect of incident angles on ground mo-
tion displacement is also studied, incident angles have a
remarkable influence on the amplitudes of surface displacements:
amplitudes and fluctuations of surface displacements increase
with an increasing incident angle. Moreover, it is obvious that
both the x- and y-component displacement amplitudes are more
significantly magnified when the incident waves with high fre-
quencies at large incident angles. Therefore, it is inadequate that
non-layered canyon replaces double-layered model for simu-
lating earthquake and seismic assessment. The factor of fre-
quencies and incident angles should be fully considered.

By comparing the both the x- and y-component displacement
amplitudes with and without canyon, it is concluded that, for this

(2)

3

APPENDIX-A. reflection and transmittance coefficients

e sin 2¢, cos 2i,, — (a,/B,) cos 22i,,
o sin 2¢, cos 2i,, + (av/ﬂv)zcos 2Zil,,,
ko — —2 sin 2t cos 2i,,
P sin 2¢, cos 2i,, + (av/ﬁ‘,)Qcos 22ivp
o — 2(a,/B,)" sin 21, cos 21,
T sin 2i,, sin 21, + (@, /B ‘)zcos 221,
o — sin 2i,, sin 24, — (at,/f, ) cos 2
2 sin 2i,, sin 2z, + (at,/ ﬂ‘,) cos 213.

(~1)" exp(—

Aom | _ COSs miy
By, sin miy
Com | _ sin mi
Do Em™Y cos miy

k> exp(idakys cos i)

sin mt,

sin mi,
e sin mt;
" cos mt,

o | sin mi, . .
+£mt’”{ cos mlf” } [kpz‘,tl exp (tdzk‘.,, cos z‘,p)]
v

+emi"’{ COS My }[kxl.,tz exp(idakyy COS iys)]

idokyy €08 iy) + kg exp(idykg, OS ig)]

e,,,i’”{ cos i } [ + (=1)"1) exp — idakyq €OS 1y + ky1yty exp(idaky, cOS td)}

}[ F (= 1)"12 exp — idokyp €08 1, + kopytp exp(idak,y cos 1)]
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type of canyon, the remarkable influence on the scattering of high
frequencies incident is found, which can obviously amplify not
only amplitudes but also fluctuations of surface displacements.
So, the ideal assumption of uniform medium and (or) the first
stratification type (not crossing canyon by layer-interface only for
solution convenience) is suggested should be adopted carefully.
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where ¢, is Neumann factor and (¢g = 1;en, = 2,m> 1), and same as that in the following.
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APPENDIX-B. expression solutions of scattering waves as Fourier-Bessel series

<r2,92> = f:] ( ,,rz) ( , COs né, +Bxln sin n02> RV <r2,92> ZJ,,( ﬂrz) ( ', COS nb, +D , Sin n92>

n=0

<r1, ) ;HS) (kmrl) (Agz)m cos mé; + BS2 ., Sin m91> D W (rl , 91> = g H'(ﬂ” (ks/m) (Cﬁz)m cos mb, +DS2 . Sin m91>
<r1,91> gHm ( \,,rl) ( som COS Mo, +BS0 ' SIN m91> {79 (rl 1) ; ( &/m) ( _EO)m sin m6, +D:0m cos mé)l)
(rz 92> = ni:;]n (kmrz) <Af,l , COS nbh + B . Sin nﬁz) W (rz7 92> ZJ ( ‘/jrz) ( , COS b + Du " sin n02>
(,17&) ;H$)<kvarl> (A( ) cos m01+Bl2msmm01> Wi (rl7 1) HZ;HII ( wrl)( cy) sinm@, + D'y, cos m91>

Do (r1,01> ;Hs) <km”1> (AE(fm cos m; + B sin mﬁl) W <r1,91> gH (0 ( V/,rl) ( (0>m sin mé; +D‘0m cos m01>
(rz 02> gHS]) <kmr2> (A‘(Sn cos né, Jers,1 sin n02) Wos <r2,92> i: (1 ( L/ﬂ’z) ( Cc? sinno, +D‘5" cos n92)
<r;,93> = g HY (kmrg) (ASQ, cos 10+ B, sin 193) - (rg,e)%) ZH ( ‘m) (cfj?, sin 165 + D), cos 193)
<r47 04> = Z:(;Hr“) (kmm) (A( Cos 10, +B , sin r04> ; 'I/f4 <r4,6’4> = Z:;Hil) (ks/jm) (C sin r@, +D , COS r€4>

ok, (r3,03> ZH,(” <kmr3> (Afi?, cos 16 + B, sin 193) wh, <r3, 03> = :0 H" (kvﬂrg) (cfj?, sin 16, + D), cos 104)
(m, 04> = ;Hf_” <k‘,ar4> (AE:?, cos rf, +BE:?, sin r04) R (m, 94> = g HY (kv/xm) (C‘(,i?, sin 76y +Df,f, cos r94>
<r2, 92> 2 J, (kmrz) (A( cos nb, +Bx6 , Sin n(92) D W (rz, 92> = ,Z: J, (k_\.;r2> (Ciﬁ ', COs nd, +DS6 , Sin n92>
<r2,02> nzw[;H < a"2> ( 57»1 cos né, +B‘7n sin n@z) Wy <r2,02> ; H ( /;rz) ( V7 SIN 16, + DV7 , COS nHz)

where H\)) (*) is the Hankel function, and As1 n Df,7)n are a series of unknown coefficient.

APPENDIX-C. The coordinate transformation
Transformation between r; — 67 and ry — 60 :

. 0 . Ao = Aom
Pl >(rz,92) = ZJ,,(kS,,rz)(Ao,n cos nb, + By, sin m‘)z) {ngu } = Z nm(klez){ Bz:m }

n=0

)(ry,0,) = Z Ju(kypr2) (Con sin ns + Dy, cos nbs) { Con } = FL} (ksﬂDIZ){ gz’m }
2 — m

r = . A n A m
@ (ry,6,) = an(kmrz)(Am cos n6, + By, sin nf) {Btjn } Z F1Z ( klez){ Bl }

n=0 Lm

, = . Ciy = Cim
¢(1+ )(1’27 92) = Zjn(kv/jrg)(cl‘,, sin n92 +D1.,, Cos n02) {Dll,l } = ZFlnm(kV/}DlZ){ D]l7’n }

= n=0
A © A?
@y (r,6,) = Z‘/m sal'l < ¢ m €08 Mo +B:1 m SN m01> B Z wn(kaD12) l(Z;
slm n=0 sln

(B1)

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

€

(c2)

(C3)

()]

(C5)
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(1) oo (2)

= Cs‘l m sln
a(r,00) = me ‘ﬂ’l)( sim Sin MmO +D n COS mé‘l) DO = ZFljm(kHDlZ) Do
m=0 slm n=0 sln

@(r2,0,) =

s2,n

0

© A
Ju(ksar) <A( ) cos nf, + B2 sin n02> = Z F2% (kyoDi2) s2m
— B

()
n=0 D.s‘2.n m=0 s2.m

(1)

0, - A 0.

50,n 50,m
F k D12

5, | 7 &P

s0.m

@y(r2,6,) = ZJ,, sal2 ( | cos nf +BY), sin n92)

n=0

©

Con | _ Clom
50, = Zantm(kS/}Dlz) Dl<]‘)

50,1 m=0 50,m

Wo(r2,0,) = Z],,(ks/;rz) (C( sin nf, +D50n cos né)z)

n=0

W (r,60)= Zln(ksﬂrz)(cgu sin nf, +D ', COS n92) { > ZFZ kD)) D(zl’)

)

(11,00 = > Julkiar) (ALY, cos m6y + BLY, sin m, )

m=0

© A
vlm vln
Z nm k\aDIZ B(z)
n=0

vin
F1, nm \[1D12) '
D

Ms

m=0

<
H]
3
Il
=
<
£}

e

@,5(r2,0,) =

0
A,
Ju(kvat2) (Afi)n cos mb, + Bf,?,, sin m6, ) ‘2 g Z - (kwaD12) I]Z)m

I
o

n

ch
W, (r1,01) = ij ‘,m( s1nm01+D cosm01> { vim

Y2, 0) = Y Julkyrs) <C\(§)n sin n0, + D3, cos n6, ) b0 (= > F2,(kgDi)]
n=0 v2.n m=0 v2m

»()n

?0(r2,602) = > Ju(kuar2) (A%?,, cos nf, + B, sin naz)

=0 \On

Zinn klez v0,m
B,

m=0 V0, m

3

)
|

szn Clom
W,o(r2,0:) = ZJ kyra < , sin no, +D‘0,, cos n92> 0 ZFZ kyD12) ::)
n=0 \‘0 n m=0 v0,m

(1) 2
A\' m = AV n
W,s(r,0)) = ij a1 ) (A, cos n0, +B'Y cos mé?l){D(S1> b= Z nm(k‘aDm){D(Sz,) }

m=0 v5.m n=0 v5.n

(1) (2)

CV m = C\’ W

W,s(r1,61) = Zojm(k\ }’rl)<cv5 o SIn M, +Dv5 m COS m01) D(T.) = z(; szm(kviDlz) D(;
m Vs n= VS

where D1 is the distance between O; and O,

Flj(kD]z) = %E,’ [Jiﬂ‘(kD]z) + (—1)j‘]i,j(kD12)]

1 1 j 1
F2; (kDi2) = 5 [HY (kD) + (~1YHE)(kD12)|
Transformation fromrs — 03 orry —04tor; — 6, orry — 6, :

- B e[ ) faw
L(r,01) = Zlm kgr1) ( UL cos m0, + B sin m9]> Y= s s o
= Bl | =\ E Y| B

© C(iL) © T:LS@) T;LSG) C()‘L,)

L _ ( s4m _ N .y 54,1
Yo (r,0)= ij (kpr1) (C&4m sin mo, +Dq4m cos mG]) pv [~ Z TG ALG) pUy
m=0 s4,m =0 3.8 LS 54,1
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A(J‘R) ) T:U;U) T;”:(-?) A<41L1§)

(1R) s4m , 54,

R(r,01) = E I (kyarr) ( U0 cos m0, +BG® sin mF) ) (= 2 TG AR (c21)
B 28 4

(1R)
m=0 s4,m BS4.I

C(IR)

s4r

= Z R(3 R 3 IR
= | s T {0_54_)

C(IR)

s4.m

piw

s4,m

NgE

YR (r,,0,) = Jm(k,,,rl)(d4m sin mé, + D' cos mHI (c22)

:4 m

3
Il
S

A(IL)

L(3) L(3 1L
vd,m T?,V( T;V) A( )

v 1

NgE

L _ (1L) — .
D, (r1,0)) = Jm(kvarl)(AMm cos mé, +B‘4m sin m6’1 B Z R (c23)
4y

vd,m

S (1L) ) R(3) R(3) (3)
Ph(r,0,) = Z]m(k‘,,;rl) (Cf‘lfm sin mo, +D»4m cos mH { Coim } = Z T:’S T;S { Cois } (c24)

1L
B

3
Il
o

(L) R(3) R(3) (3)
D =0 T;s( T?s Dyy,

vd,m

(1R)
vdm

0
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@fA (ri,0,)= ZJ’" (kvar1) (AE4 ., COS M0, +BfiRm sin m6 (c25)

1R
m=0 (5

vd,m

(1)
B\'4‘r

io: TfRVG) T4R AUB)
| T

C(IR)

vd,m

V’f4(r1,€]) ZJ,,, (kypr1) ( 14m sin m@, +D‘,L[f,), cos m6h (c26)
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:Z R( R(3
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(1R)
vdm
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Where

T3L(l) = cos laR1C,y, (k«Di3yy3) 4 sin [aR2C, (kD137 ,3)
T;L*“) = cos [aR2C} (k+Di3y,3) + sin laR1C,, (kD137 3)
73" = —sin laR1C}, (k«Dy3y,3) + cos [aR2Cy (kDis7y3)
TZLU) = —sin [aR2C,, (k-Di3y,3) + cos laR1C,, (k-Diayy3)

T1 M) = cos raR1C* (k«D13713) + sin raR2C,, (k«Di3yy3)

735" = cos raR2C}, (k+Disyy3) + sin raR1C,, (k-Disy,3)
T33,R(l> —sin raR1C,, (k-Di37,3) + cos raR2C,, (k+Di37,3)

mr

18" = —sin raR2C}, (k«Dsy,3) + cos raR1C,, (k-Dys7,3)

mr

TAL<1 = cos laR1C;

ml

(k«D\4yy,) + sin laR2C,, (kD147 4)
T35 = cos IaR2C (keDyay ) + sin laR1C,, (k+Dysy,,)
T;,L*m —sin [aR1C,,(k:Diyyy4) + cos [aR2C,,, (k«Diayyy)

ml
734" = —sin laR2C}, (k«Dyay ) + cos laR1C,, (k«Dyay y)

ml

7Y = cos laR1C,)(k-Dyayy,) + sin laR2C,, (k-Diay )
ﬁﬁ“ = cos [aR2C; (k+Di4y,4) + sin laR1C,, (k<D1sy,4)
TAL“) = —sin laR1C},(k«Dyayy,) + cos laR2C,, (k«D1ay )

ml
Ifﬁ( ) = —sin laR2C;, (keDyay,,) + cos laR1C,, (keDi4y,,)

ml

where
RIC,,(er) = ?m [+ Cusn(e)cos(m + n)y + (—1)"Cy_n(e)cos(m — n)y]
R2C,,(er) = 7m [+ Cusn(e)sin(m + n)y + (—1)"C,_n(e)sin(m — n)y|

(*)is R(1,2)HV*

mlr

(*) when ;{7 s 7;\Y, and R(1,2)CE

mlr

where * represents Layer-S or Layer-V, and R(1,2)CE

mlLr

(*)is R(1,2)J%

mlr

(*) when Tf(ﬂ) is
T;(f'). Dy3 , D14 are the distance between O; and O3 , O4, and y,3, 714 are the angle between coordlnate system r; — 01 and coordinate systems r3— 63 ,
r4 — 04, respectively.
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APPENDIX-D. The elements of coefficient matrix

. 2,2

EY (nr) = (n2 fn- kaz )Cn(kar) — ket Cyr (kyr)
Eg)¥(n.r) =Fn[— (n+ 1)C,(kgr) + ksrC,_; (ksr))
Ev" ¥( r) = Fn[ = (n+ 1)Cy(kar) + karCyi (k)]

K
E;g) (nr)=— (n2 +n— ﬂT) C, (kgr) 4 ksrCy—y (ksr)

V(nr) = =nCy(kar) + karCp_ (kar)

1Y (n.r) = FnC, (kyr)
19% (n.r) = FnC, (kar)
19(n.r) = —nC, (k,;r) kyrCo_y (kor)

Soil Dynamics and Earthquake Engineering 144 (2021) 106642

(1)

(D2)

Where C,(x) is Jy(x) when i = 1, and Hf,l) (x) when i = 3; the superscript v, indicates the Layer-V at the open region, and correspondingly k¢ and kg
indicate ky, = o/ay and kyg = 0/py, respectively, and the others follow the same rule.
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